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A fluid is being added constantly to a flow region with velocity field v at
a rate g per unit volume per unit time. Show that the equation of motion

becomes pz—‘; + p¥ Vi =V T+gv+ pF, whereT is the stress tensor and F
the other body forces.
solution

The total moment of momentum of the fluid inside the volume V is

IpFXV dv,

vV

where 7 is the position vector of the point P. Then the rate of change of
moment of momentum of fluid within V is

D R _

The moment of the body force F is
15



jpf x F dV,
;

where F is the body force per unit mass
The total moment of additional force, which is produced by additional

flux per unit volume per unit time, is

J. qiFxv dV.

vV

The total moment of the surface force is j 7 x([1.n) dS and by Gauss
N

theorem equals to

[ Fx(v.[)av,

%
where T= -p & + [] , p is the pressure, J is unit tensor, [ is the extra
stress tensor and is a symmetric tensor .

Since the rate of change of moment of momentum is equal to the moment

of applied force (both surface force and volume force), we get

or
_ .D ~ _
J Fx[—pV -pF - gV -V.T]dV=0.
) Dt

Since the volume V is arbitrary and so the position vector 7, then the

equation of motion becomes
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D _ -
— )-p F - v -v.T=0.
5, PV)-p q
For a constant density p, it can be written as
p(%VJrV.W/‘):pF + gV +V.T.

This is the called Navier-Stokes equation with additional constantly flux

per unit volume per unit time.

D . _ Dv ~ .
Prove that D—tJV'(pr AV)V = ;[(pr /\D—tjdV , where pand v are density
and velocity of a fluid.
Solution

From Reynolds transport theorem we know that

D . - _(DFGE) | e e
y V{t{(x,t)dV—V{t)[—Dt + f(7,)V deV

By replacing f (55,2‘) with p7 AV we find that

DOFAT) (o oo D2 5 55 asys opn OF
D1 +(pr/\v)V V—[DterV vj(r/\v)err/\Dt
Dp

Since D, + pV - ¥ = 0 then the above equation becomes
t

D(pFAv)Jr(pr /\\_/.)6-\/:,017/\—‘7, Hence
Dt
Dgtl{(pr AV)V = i(p? A —‘;JdV

Show that the angular velocity vector Q2 of an incompressible viscous
Newtonian fluid moving under no external forces satisfies the
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: . . DQ . . .
differential equation D—7 =(Q-V)v+W?2Q, where v is the kinematic
viscosity.

Solution

Since, Navier-Stokes equation for an incompressible viscous fluid with
constant viscosity is

ﬂ:__[fjwvzy, 1)
Dt yo,
Dy 0Oy ov |
v—=—4+-Vly=—+V| v |+ , 2
Dt ot (y _)Y ot _(2v j °exE @)
where
¢=Vxy=2Q. A3)

From (2), (3) we can write (1) as the following form

@+y(1v2)+2gxy:—y Ll + Wy, 4)
ot 2 yo,

By taking the curl of (4), we get

B vy (@xv)=vi0. 5)
ot
wVx(Qxv)=Q(V-v)-v(V-Q)+ (v V)2 - (Q- V), (6)

substitution from (6) in (5) we get

%_%JfQ(Y-y)—y(Y-9)+(X-Y)Q—(Q'Y)X=VV29’ ()

since, we know from continuity equation that

Also, we know that
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V-(Vxy)=0=V-Q=0 ©)
substitution from (8, 9) in (7) we get

DQ

Q-V VQ
o =(Q-Vp+Vv
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Since the flow in the creeping steady motion of a viscous incompressible

fluid then Navier-Stokes equation becomes
Vp=uVii+pF, (1)

Equation (1) can be rewritten as follows
V(ﬁj:vvzﬁ +F, (2)
where v = £ . By taking the curl of equation (2) we get

P

0=vV(VAT)+VAF, 3)

Since the motion in two dimensions in x-y plane then

VAV =Vik 4)

. . OF

VAF = —V—ai, ®))
ox Oy

Substituting from (4) and (5) in (3) we get

Vvﬁ/,:ai_ oF, .
oy O0x
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