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Answer the following questions:

Q1: (18 Marks)
a- Let] ={[a,b):a,b € R,a < b}, a(I) be the smallest o- algebra containing I and S(R) be
Borel g-algebra of R. Show that o(I) = B(R). (5 Marks)

b- Give the meaning of following: o —algebra, an outer measure on X, Lebesgue measurable.

(4 Marks)
c- Let X be anonempty set and 2 = P(X). Define y: 2 - [0, ) by
n if A hasn element
) = {oo otherwise.

Is 1 a measure space on P(X)? (5 Marks)
d- Let (X, X, u)be a measure space, A, B € X and A C B. Prove that u(4) < u(B). (4 Marks)
Q2: ‘ (17 Marks)
a- Let (X, X, u)be a measure space, and (4,,) is a sequence in X. Prove that (7 Marks)

.ou (0An) = iu(/ln).

b- Let X be a set, u*an outer measure on X, u*(E) = 0 and E c X. Prove that E is u* measurable.

‘ (4 Marks)
c- Let X be a set, u*an outer measure on X and E4,E, € M, E; N E, = @ where M is the collection
of all u*-measurable subsets of X. Show that

wANCE U Ep)) =pw(ANE) + ' (ANE;) (6 Marks)
Q3: (18 Marks)
a- Define and prove the Lebesgue outer measure on R. (5 Marks)
b- Let p*an outer measure on R, A C R. Prove that there exist an open set V such that A ¢ V and
w W) <u(A) +e. (4 Marks)
c- Show that the interval (a, ©), a € R is measurable. (5 Marks)
d- Let (X, 2) be a measurable space and E € X, f:E — Rand f is measurable. Show that the set
{x € E: f(x) < a,a € R} is measurable. (4 Marks)
Q4: (17 Marks)
~a- Give an example for a real-valued function is a measurable.. | (4 Marks)
b- Assume that f and g are measurable real-valued function defined on a domain E € . Show
that cf, f A g and |f| are measurable functions. (5 Marks)
c- Let (X, Z, u) be a measure space, ¢ non-negative simple functions. Show for any 4, B € X, that
Jous @du = J, 0dp + [; odu. | ' (3 Marks)
d- Let (X, X, 1) be a measure space. For ariy A € X and the function v: X - [0, o] defined by
) = . @dy, Show that the function v(A) is a measure on X. (5 Marks)
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