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LETURE 4



switching algebra to describe circuits

• We will apply switching algebra to describe circuits containing 

switches. We will label each switch with a variable. If switch X is open, 

then we will define the value of X to be 0; if switch X is closed, then 

we will define the value of X to be 1.



switching algebra to describe circuits

• Now consider a circuit composed of two switches in a series.

• We will define the transmission between the terminals as T = 0 

if there is an open circuit between the terminals and T = 1 if 

there is a closed circuit between the terminals.

Now we have a closed circuit between terminals 1 and 2 (T = 1) iff (if 

and only if ) switch A is closed and switch B is closed. Stating this 

algebraically,

T = A . B



switching algebra to describe circuits

• Next consider a circuit composed of two switches in parallel.

In this case, we have a closed circuit between terminals 1 and 2 iff

switch A is closed or switch B is closed. Using the same convention for 

defining variables as above, an equation which describes the behavior

of this circuit is

T = A + B



2.6 SIMPLIFICATION THEOREMS

• THE FOLLOWING THEOREMS ARE USEFUL IN SIMPLIFYING BOOLEAN EXPRESSIONS:

• In each case, one expression can be replaced by a simpler one. Because

each expression corresponds to a circuit of logic gates, simplifying an

expression leads to simplifying the corresponding logic circuit.



2.6 SIMPLIFICATION THEOREMS

• Each of the preceding theorems can be proved by using a truth table, or

they can be proved algebraically starting with the basic theorems.



2.6 SIMPLIFICATION THEOREMS

• The following example illustrates simplification of a logic gate circuit using

one of the theorems. In Figure 2-4, the output of circuit (a) is

F = A(A′ + B)

F = AA′ + AB = 0 + AB = AB

• By Theorem (2-14), the expression for F simplifies to AB. Therefore, circuit

(a) can be replaced with the equivalent circuit (b).

FIGURE 2-4: Equivalent Gate Circuits



EXAMPLE 1

SIMPLIFY Z = A′BC + A′

This expression has the same form as (2-13) if we let X = A′ and Y = BC.

Therefore, the expression simplifies to Z = X + XY = X (1+Y) = X = A′.

EXAMPLE 2



EXAMPLE 3



2.8 Demorgan’s Laws

• The inverse or complement of any boolean expression can easily be 

found by successively applying the following theorems, which are 

frequently referred to as demorgan’s laws:

• We will verify these laws using a truth table:



2.8 Demorgan’s Laws

• Demorgan’s laws are easily generalized to n variables:



2.8 Demorgan’s Laws

Referring to the OR operation as the logical sum and the AND

operation as logical product, DeMorgan’s laws can be stated as

The complement of the product is the sum of the complements.

The complement of the sum is the product of the complements.

To form the complement of an expression containing both OR and 

AND operations, DeMorgan’s laws are applied alternately.



Example 1

• To find the complement of (A′ + B)C′, first apply (2-22) and then (2-21).

[(A′ + B)C′]′ = (A′ + B)′ + (C′)′ = AB′ + C

Example 2

Note that in the final expressions, the complement operation is 

applied only to single variables.



2.8 Demorgan’s Laws

We will verify that this result is correct by constructing a 

truth table for F and F’:



2.8 Demorgan’s Laws

In the table, note that for every combination of values of A 

and B for which F = 0, F′ = 1; and whenever F = 1, F′ = 0.

Given a Boolean expression, the dual is formed by replacing 

AND with OR,OR with AND, 0 with 1, and 1 with 0. 

Variables and complements are left unchanged.

The dual of AND is OR and the dual of OR is AND:



2.8 Demorgan’s Laws

The dual of an expression may be found by complementing the 

entire expression and then complementing each individual 

variable. For example, to find the dual of AB′ + C,



Laws and Theorems of Boolean Algebra



Laws and Theorems of Boolean Algebra





UNIT 3

BOOLEAN ALGEBRA (CONTINUED)



OBJECTIVES

• When you complete this unit, you should know from memory and be able to use any of the laws and 

theorems of boolean algebra listed at the end of unit 2. Specifically, you should be able to

• 1. Apply these laws and theorems to the manipulation of algebraic expressions including:

A. Simplifying an expression.

B. Finding the complement of an expression.

C. Multiplying out and factoring an expression.

• 2. Prove any of the theorems using a truth table or give an algebraic proof if appropriate.

• 3. Define the exclusive-or and equivalence operations. State, prove, and use the basic theorems that 

concern these operations.

• 4. Use the consensus theorem to delete terms from and add terms to a switching expression.

• 5. Given an equation, prove algebraically that it is valid or show that it is not valid.



3.1 MULTIPLYING OUT AND FACTORING 
EXPRESSIONS

• Given an expression in product-of-sums form, the corresponding 

sum-of-products expression can be obtained by multiplying out, 

using the two distributive laws:

In addition, the following theorem is very useful for factoring 

and multiplying out:



3.1 MULTIPLYING OUT AND FACTORING 
EXPRESSIONS

• Note that the variable that is paired with X on one side of the equation 

is paired with X on the other side, and vice versa.

• Proof:

Because the equation is valid for both X = 0 and X = 1, it is always valid.

The following example illustrates the use of Theorem (3-3) for factoring:



3.1 MULTIPLYING OUT AND FACTORING 
EXPRESSIONS

• Note that the theorem can be applied when we have two terms, one 

which contains a variable and another which contains its complement.

• Theorem (3-3) is very useful for multiplying out expressions. In the 

following example, we can apply (3-3) because one factor contains the 

variable Q, and the other factor contains Q’.



3.1 MULTIPLYING OUT AND FACTORING 
EXPRESSIONS

• If we simply multiplied out by using the distributive law, we would get 

four terms instead of two:

• Because the term AB’C’D is difficult to eliminate, it is much better to use 

(3-3) instead of the distributive law.



3.1 MULTIPLYING OUT AND FACTORING 
EXPRESSIONS

• In general, when we multiply out an expression, we should use (3-3) 

along with (3-1) and (3-2). 

• To avoid generating unnecessary terms when multiplying out, (3-2) 

and (3-3) should generally be applied before (3-1), and terms should 

be grouped to expedite their application.



EXAMPLE

• The same theorems that are useful for multiplying out expressions 

are useful for factoring. By repeatedly applying (3-1), (3-2), and 

(3-3), any expression can be converted to a product-of-sums form.



EXAMPLE OF FACTORING

• This is the same expression we started with in (3-4).



3.2 EXCLUSIVE-OR AND EQUIVALENCE OPERATIONS

• The exclusive-or operation (   ) is defined as follows:

• The truth table for X Y is



3.2 EXCLUSIVE-OR AND EQUIVALENCE OPERATIONS



3.2 EXCLUSIVE-OR AND EQUIVALENCE OPERATIONS



3.2 EXCLUSIVE-OR AND EQUIVALENCE OPERATIONS

The following theorems apply to exclusive OR:



3.2 EXCLUSIVE-OR AND EQUIVALENCE OPERATIONS

• Any of these theorems can be proved by using a truth table or by 

replacing X Y with one of the equivalent expressions from Equation 

(3-7). 

• Proof of the distributive law follows:



3.2 EXCLUSIVE-OR AND EQUIVALENCE OPERATIONS

The equivalence operation (≡) is defined by



3.2 EXCLUSIVE-OR AND EQUIVALENCE OPERATIONS



3.2 EXCLUSIVE-OR AND EQUIVALENCE OPERATIONS



3.2 EXCLUSIVE-OR AND EQUIVALENCE OPERATIONS



3.2 EXCLUSIVE-OR AND EQUIVALENCE OPERATIONS



3.3 THE CONSENSUS THEOREM



3.3 THE CONSENSUS THEOREM



3.3 THE CONSENSUS THEOREM

The consensus theorem can be used to eliminate redundant terms from 

Boolean expressions. For example, in the following expression, bc is 

the consensus of ab and ac, and ab is the consensus of ac and bc, so 

both consensus terms can be eliminated:

The brackets indicate how the consensus terms are formed. The 

dual form of the consensus theorem is



3.4 ALGEBRAIC SIMPLIFICATION OF SWITCHING 
EXPRESSIONS

• In this section we review and summarize methods for simplifying 

switching expressions, using the laws and theorems of boolean

algebra.

• In addition to multiplying out and factoring, three Basic ways of 

simplifying switching functions are combining terms, eliminating terms, 

and eliminating literals.



3.4 ALGEBRAIC SIMPLIFICATION OF SWITCHING 
EXPRESSIONS

• When combining terms by this theorem, the two terms to be 

combined should contain exactly the same variables, and 

exactly one of the variables should appear complemented

• In one term and not in the other. Because X X X, a given term 

may be duplicated and combined with two or more other terms. 

For example,



3.4 ALGEBRAIC SIMPLIFICATION OF SWITCHING 
EXPRESSIONS

• The theorem still can be used, of course, when X and Y are 

replaced with more complicated expressions. For example,



3.4 ALGEBRAIC SIMPLIFICATION OF SWITCHING 
EXPRESSIONS



3.4 ALGEBRAIC SIMPLIFICATION OF SWITCHING 
EXPRESSIONS

Example



3.4 ALGEBRAIC SIMPLIFICATION OF SWITCHING 
EXPRESSIONS

Example


