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Chapter 3

The Lebesgue integral

3.1 Introduction

We now turn our attention to the construction of the Lebesgue integral of general functions, which, as
already discussed, is necessary to avoid the technical deficiencies associated with the Riemann integral.

3.2 Measurable functions

3.2.1 Basic notions

The extended real number system, RR, is the set of real numbers together with two symbols —oo and +oc.
That is, R = R U {—o00, +00} = [—00, 00]. The algebraic operations for these two infinities are:

[1] Forr € R, 00 + r = %o0.

[2] Forr € R, r(f£oo) = %00, if ¥ > 0 and r(£oo) = Foo if r < 0.
[3] +00 + (+00) = 400 and —o0 + (—o0) = —o0.

[4] oo + (—o0) is undefined.

[5]1 0-(f£o0) = 0.

Definition B
Let (X, ¥) be a measurable space and E € X. A function f : E — R is said to be measurable if for each
o € R, theset {x € E: f(x) > a} is measurable.

Proposition -
Let (X, X) be a measurable space and £ € ¥, and f — R. Then the following are equivalent:

[1] f is measurable.

[2] Foreach o € R, the set {x € E : f(x) > «} is measurable.
[3] Foreach o € R, the set {x € E : f(x) < a} is measurable.
[4] Foreach o € R, the set {x € E : f(x) < «}is measurable.

PROOF.
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: If f is measurable, then the set

1
{er:f(x)zoz}zm{er:f(x)>oc—;},

neN

which is an intersection of measurable sets, is measurable.

: If theset {x € E : f(x) > o} is measurable, then so is the set

E\{ixeE: f(x)>a}={x€eE: f(x)<a}.

: If theset {x € E : f(x) < o} is measurable, then so is the set

{xEE:f(x)foz}zm{er:f(x)<a+l}
n

neN

since it is an intersection of measurable sets.

: If theset {x € E : f(x) < a}, is measurable, so is its complement in E. Hence,

{xeE:f(x)>a}=E\{x € E: f(x) <a}

is measurable. It follows from this that f is measurable.

3.2.3 Examples

[1]

The constant function is measurable. That is, if (X, X) is a measurable space, ¢ € R, and E € X,
then the function ' : E — R givenby f(x) = ¢, for each x € E, is measurable.

Leta € R. Ifa > ¢, thenthe set {x € E : f(x) > a} = 0, and is thus measurable.
If ¢ < ¢, then the set {x € E : f(x) > a} = E, and is therefore measurable. Hence, f is

measurable.

Let (X, X) be a measurable space and let A € X. The characteristic function, x ,, is defined by

(=] | ifxed
XA =10 ifx g A

The characteristic function x , is measurable. This follows immediately from the observation that,
foreacho e Rand E € X, theset {x € E : x, > o} iseither E, A or @.

Let B be the Borel o-algebra in R and E € B. Then, any continuous function f* : E — R is
measurable. This is an immediate consequence of the fact that, if /' : £ — R is continuous and
o € R, then the set {x € E : f(x) > «} is open and hence belongs to B.

3.2.4 Proposition

(1]

If f and g are measurable real-valued functions defined on a common domain £ € ¥ and ¢ € R,
then the functions

(@ f+e,
(®) cf,
(©) f£g.
d /2
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e f-g,
® 111
@ fVve,

(h) f A g are also measurable.

[2] If (f») is a sequence of measurable functions defined on a common domain E € X, then the functions

(@) sup, fn,

(b) infy fa,

(¢) limsup, fu,

(d) liminf, f, are also measurable.

PROOF.

[1] (a) For any real number «,
xeE:f(x)+c>a}—{xeE: f(x)>a—c}.

Since the set on the right-hand side is measurable, we have that f + ¢ is measurable.

(b) If ¢ = 0, then ¢ f is obviously measurable. Assume that ¢ < 0. Then, for each real number «,

{er:cf(x)>a}:{er:f(x)<%}.

Since the set {x € E : f(x) < 7} is measurable, it follows that ¢ /" is also measurable.

(c) Let @ be a real number. Since the rationals are dense in the reals, there is a rational number r
such that

Sx) <r <a—g(x),
whenever f(x) + g(x) < «. Therefore,

{er:f(x)+g(x)<oc}=U({xeE:f(x)<r}ﬂ{xeE:g(x)<oc—r}).
reQ

Since the sets {x € E : f(x) <r}and {x € E : g(x) < o — r} are measurable, so is the set
{xe E: f(x) <r}n{x:g(x) <a—r},and consequently, the set {x € E : f(x)+ g(x) <
a}, being a countable union of measurable sets, is also measurable.
If g is measurable, it follows from (b) that (—1)g is also measurable. Hence, sois f 4+ (—1)g =
f-e

(d) Leta e Rand E € . Ifa < 0, then {x € E : f?(x) > a} = E, which is measurable.
If « > 0, then

(xeE: fAx)>a}={xeE: f(x)>Ja}U{x € E: f(x) < —a}.

Since the two sets on the right hand side are measurable, it follows that the set {x € E :
f2(x) > a} is also measurable. Hence f? is measurable.
(¢) Since f-g = Y[(f + )2 — (f — g)?], it follows from (b), (c), and (d) that f - g is measurable.
(f) Letoa e Rand E € X. If o < 0, then {x € E : | f(x)| > @} = E, which is measurable.
If « > 0, then

xeE:|f)|>al={xeE: f(x)>a}U{xe E: f(x) < —a}.
Since the two sets on the right hand side are measurable, it follows that the set {x € E :

f(x)? > a} is also measurable. Thus, | /| is measurable.
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(g) Itis sufficient to observe that ' v g = %{f + g+ |f — gl}. It now follows from (b), (c), and
(d) that f" Vv g is measurable.

(h) Tt is sufficient to observe that f A g = %{f + g —|f — gl}. It now follows from (b), (c), and
(d) that f* A g is measurable.

[2] (a) Let @ € R. Then

{er:supf,,>oc}=U{er:fn(x)>a}.

n=1

Since for each n € N, f, is measurable, it follows that the set {x € E : fu(x) > «}is
measurable for each n € N. Therefore, the set {x € E : sup, f,(x) > o} is measurable as it is
a countable union of measurable sets.

(b) It is sufficient to note that inf,, f, = — sup,,(— f»)-

(¢) Notice that limsup,, f, = inf,;> (supkz” fk) and use (a) and (b) above.

(d) Notice that liminf, f, = sup, (inszn fk) and use (a) and (b) above.

d

Corollary
Let (X, X) be a measurable space. If f is a pointwise limit of a sequence ( f,) of measurable functions
defined on a common domain E € ¥, then f is measurable.

PROOF.

If the sequence ( f,) converges pointwise to f, then, for each x € E,
f(x) = lim f,(x) =limsup f,(x).
n—0o0 n
Now, by Proposition 3.2.4 [2], f is measurable.

d

Definition
Let f be areal-valued function defined on a set X . The positive part of f, denoted by /T, is the function
ST =max{f,0} = fVO0and the negative part of /', denoted by f~, is the function f~ = max{—f,0} =
=f)vo.

Immediately we have that if f is a real-valued function defined on X, then
f=/T=/" ad |fl=fT+ /"
Note that : :
f+=5[|f|+f] and 7 =[f1- /]

Let (X, ¥) be a measurable space and f : X — R. Itis trivial to deduce from Proposition 3.2.4 that f is
measurable if and only if /T and f~ are measurable.

Definition
Let (X, ) be a measurable space. A simple function on X is a function of the form ¢ = Z}l=1 CiXe;
where, foreach j = 1,2,...n, ¢; is an extended real number and E; € X.

Since XE; is measurable for each j = 1,2,...,n, it follows from Proposition 3.2.4 that ¢ is also
measurable.
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2] f=gae ifu(fx e X : f(x) > g(x)}) =0.

3.2.12 Definition _
Let (X, 2, ) be a measure space. A function f : X — R is said to be almost everywhere real-valued,
denoted by a.e. real-valued, if

px € X 1| f(x)| = oo}) = 0.
We call a set of measure zero a null set.

3.2.13 Definition
A measure space (X, X, i) is said to be complete if X contains all subsets of sets of measure zero. That is,
if EeX u(E)=0and A C E,then 4 € X.

It follows from Theorem 2.3.6 [1] that if a measure space (X, X, ) is complete, £ € X, u(E) =0
and A C E, then u(A4) = 0.

3.2.14 Proposition
Let (X, X, u) be a complete measure space and / = g a.e. If f is measurable on E € X, then so is g.

PROOF.
Leta e Rand N = {x € E : g(x) # f(x)}. Then N € ¥ and u(N) = 0. Now,
{(xeE:gx)>a}={xe E\N:gx)>a}U{xeN:gk)>a}
={x€ E\N: f(x)>a}U{x e N :g(x) >a}.
The first set on the right hand side is measurable since f is measurable. The second set is measurable since

it is a subset of the null set N and the measure is complete.
a

3.2.2 Convergence of sequences of measurable functions

We now consider various notions of convergence of a sequence of measurable functions examine the rela-
tionships that exist between them.

3.2.15 Definition
Let (XX, 1) be a measure space. A sequence ( f,) of a.e. real-valued measurable functions on X is said to

[1] converge almost everywhere to an a.e. real-valued measurable function f. denoted by f, —* f,
if for each € > 0 and each x € X, there is a set £ € X and a natural number N = N (¢) such that
H(E) < € and

| fu(x) — f(x)| <e¢, foreach x € X\ E and each n > N.

[2] converge almost uniformly to an a.e. real-valued measurable function f', denoted by f, —*" f, if
for each € > 0, there is a set £ € X and a natural number N = N(¢) such that u(E) < € and

|fo— flloo= sup |fu(x)— f(x)| <€, foreachn > N.

x€X\E

[3] converge in measure to an a.e. real-valued measurable function f, denoted by f, —* f, if for
every € > 0,
Tim (€ X 1 |fu(x) — f(0] = €)) = 0.

(if e is a probability measure, then this mode of convergence is called convergence in probability).

3.2.16 Proposition
Let (X, X, u) be a complete measure space and ( f;,) a sequence of measurable functions on E € ¥ which
converges to f a.e. Then f is measurable on E.
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PROOF.

Leto e Rand N = {x € E : limy—o0 fu(X) # f(x)}. Then N € £, u(N) = 0 and
lim,—eo fu(x) = f(x), foreach x € E\N. Since £ and N are measurable, so is E\N. For each
n € N, define g, and g by

[0 ifxeN
&)=\ £(x) ifxe E\N.

and

[0 ifxeN
)=\ rx) ifxe E\N.

Then g, = fy a.e. and f = g a.e. It follows from Proposition 3.2.4, that for each n € N, g, is measurable.
If x € N, then

lim g,(x) = lim 0 =0 = g(x), 3.1
n—>00 n—>00
and if x € E\N, then
lim g,(x) = lim f, =0= f(x) = g(x) (3.2)
n—>00 n—>00

It follows from (3.1) and (3.2) that the sequence (g, ) converges pointwise to g everywhere on E. By Corol-
lary 3.2.5, that g is measurable. Since g = f a.e., we have, by Proposition 3.2.14, that f is measurable.
a

Theorem

Let (X, X, i) be a measure space and (f,) be a sequence of real-valued measurable functions on X. If
the sequence ( f,) converges almost uniformly to f, then it converges in the measure to f. That is, almost
uniform convergence implies convergence in the measure.

PROOF.

Let € > 0 be given. Since the sequence ( f) converges almost uniformly to f, there is a measurable set
E and a natural number N such that u(E) < € and

| fu(x)— f(x)| <€, forall x € X\E and alln > N.

It now follows that, foralln > N,{x € X : | f,(x) — f(x)| > €} C E. Therefore, foralln € N,
pEx € X 1] fu(x) — f(x)]| = €}) <e.

d

Theorem

Let (X, X, ) be a measure space and ( f;,) be a sequence of a.e. real-valued measurable functions on X.
If the sequence ( f;,) converges almost uniformly to f', then it converges almost everywhere to f. That is,
almost uniform convergence implies convergence almost everywhere.

PROOF.

Suppose that the sequence (f,) converges almost uniformly to f. Then, for each n € N, there is a
measurable set E,, with u(E,) < % such that f, — f uniformly on X\ E,. Let A = |J = (X\Ey).
Then

o0

p(X\A4) = u( N En) < p(En) = % — 0.

n=1
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3.3 Definition of the integral

In this section, we define a Lebesgue integral. This is done in three stages: firstly, we define the integral
of a nonnegative simple function; then, using the integral of a nonnegative simple function, we define the
integral or any measurable function. We also prove three key results: Monotone Convergence Theorem,
Dominated Convergence Theorem and Fatou’s Lemma.

Unless otherwise specified, we will work in the measure space (X, X, ).

3.3.1 Integral of a nonnegative simple function

Definition n
Let ¢ be a nonnegative simple function with the canonical representation ¢ = Z ai X .- The Lebesgue
1
i=1

integral of ¢ with respect to /i, denoted by [} ¢d/u, is the extended real number

/¢dﬂ = Zaiﬂ(Ei)‘
i=1

X

/¢du = /XAWM.

A X

If A € X, we define

The function ¢ is integrable if |, v 9dp s finite.

We also write [ ¢du for [y ¢du.
It is straightforward to show that if 4 is a measurable set and ¢ is as above, then

/¢dﬂ = Zaiﬂ(A N E;).
o i=1

/du=/xAdu=/xAdu=u(A).
A

A X

Furthermore,

It is necessary to show that the above definition of the Lebesgue integral is unambiguous, i.e, the integral is
independent of the representation of ¢. Assume that

n m
¢ = ZaiXEi = ijXFi’
i=1 j=1

n
where E; N Ep = @,foralll <i #k <n, X = UE,-;FkﬂFI =@, foralll < j # 1 < m, and
. i=1
UF] Then foreachi = 1,2,...,nandeach j =1,2,...,m,
j=1
m m
Ei=ENX=En (U Fj) = | J(&: n Fj), adisjoint union, and

Jj=1 Jj=1
n

n
Fp=FNX= (U E,-) = | J(&i N F}), a disjoint union,

i=1 i=1
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If £; N F; # 0, then, forx € E; N F;,a; = ¢(x) = b;. Thatis, a; = b; in this case. If E; N F; = 0,
then w(E; N Fj) = 0. Thus, a;u(E; N Fj) = bju(E; N Fj),foralll <i <nandforalll < j <m.

Therefore
n n m n m
> aip(E) = Zaiu( UEn Fj)) =D ai ) wEiNF)
i=1 i=1 j=1 i=1 j=1

n m n m
=Y aGuEin Fp) =YY biu(Ei N Fy)
im1j=1 i=1j=1

n

=D b ) mENF) = iju(U(Ei n Fj))
j=1 i Jj=1 i=1

i=1
m
> bin(E)).
j=1
Hence the definition of the integral of ¢ is unambiguous.

3.3.2 Proposition
Let (X, X, ) be a measure space, ¢ and ¥ nonnegative simple functions, and ¢ a nonnegative real number.
Then

(11 [x (@ +v)dp = [y ¢pdu + [y vdp.

2] [y cpdu =c [y ¢dpu.

31 If ¢ < . then [y ddp < [y Vrdu.

[4] If A and B are disjoint measurable sets, then

/ ¢du=/¢du+/¢du.
A B

AUB

[5] The set function v : ¥ — [0, oo] defined by

o) = [ gdu.
A

for A € X, is a measure on X .
[6] If A € ¥ and u(A) = 0, then [, pdp = 0.

PROOF.

Letgp = >0 aix £ and Y = Z;"=1 bix K, be canonical representations of ¢ and i respectively.
Then E; N Ey = @, foralli <i #k <n, F;NF; =@, foralll < j #1[1<m, X =Ul_ E;, and
X = U}"=1Fj.

[1] Forl <i <mand1 < j <m,let G;; = E; N F;. Then, foreach x € Gj;, ¢(x) + ¥ (x) = a; + b;,
i.e., the function ¢ + ¢ takes the values a; + bj on E; N Fj. Foralll <i,k <mnand1 < j,/ <m,
Gij NG = (E; N F) N (Ex N Fp)
= (E;NE)N(F; N F)
=0Nn@g=4a.
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Thatis, {G;j : 1 <i <mand1 < j < mj} is a collection of nm pairwise disjoint sets. Furthermore,

E,‘:EiﬂXZEiﬂ(

F]) = U(Ei N Fj) = U Gij,

1 j=1 j=1

m m m
j=

n n n
szijY:ij( E,-):U(E,-HF]-):UG,-]-,and
=1

~

i=1 i=1
n

X:XnX:(UE,-)m(Lijj)=CJO(EiﬂB)=CJOGij

i=1 j=1 i=1j=1 i=1j=1

Therefore,

$+v =D > (@i +b)xg,-

i=1j=1

With this representation of ¢ + v, the numbers @; + b; are not necessarily distinct. Let ¢y, ¢2, ..., ck
be the distinct values assumed by ¢ + . Then

2] If ¢ =

If ¢ =

k
[+ wdn = Y it 90 + ) = )
X r=1

=rZ:c,u( g E,-ij>

a;+bj=cr

k
ZZCr Z R(Ei N Fj)

r=1 a;+bj=cy

= > (ai + bj)u(Gij)
i=1j=1
=N anGiy) + 3.3 bu(Gy)

i=1j=1 i=1j=1

=D ai ) wGip) + ) by u(Gy)
i=1  j=1 =1 j=1

=Y aip(E) + Y bju(F)
i=1 Jj=1

=/¢du+/1/fdu.

X X

0, then c¢ vanishes identically and hence, fX copdp = cfX ¢dp. Assume that ¢ > 0.

n

Za,- XE, is the canonical representation of ¢, then c¢ = Y 7_, caix E is the canonical

i=1

representation of c¢. Therefore,

/ccﬁdu = caip(Ei) =c Y aip(Ei) = c/¢du.
i=1 i=1 X

X
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[3] As shown above,

n m

/¢ = ZaiM(Ei) = Zaiﬂ( U E;n Fj) = ZZ%‘M(E:' N Fj), and
X i=1 i

i=1 j= i=1j=1

[ o= bnr -
X Jj=1 J

—_

m m n

b]pL(U F] n E,‘) = ZZZ)JM(E, n F])
1 i=1

j=1i=1

Now suppose that ¢ < /. Then, foreach x € E; N Fj,a; = ¢(x) < ¥ (x) = b;. ie., a; < b;, for
all i, j such that E; N F; # @. It follows that [} ¢du < [y vdu.

[4] Let ¢ be as above. Then

/ ¢d =" aipn((AU B) N E;)

AUB i=1

=Y apl(ANE;)U (BN E))]

i=1

=Y ai[u(AN Ei) + u(B N E;)]

i=1

=Y aip(ANE)+ Y (BN E;)

i=1 i=1
= /¢du+/¢du.
A B

[5] We have that, for 4 € X,

o) = [ du =Y aincan £,
A

i=1

IfA=@,then AN E; =0, foreachi = 1,2,...,n. Hence, u(AN E;) =0,fori =1,2,...,n
and so v(9) = 0.

o0
Let (Ax) be a sequence of pairwise disjoint measurable sets and 4 = U Apg. Then, for eachi =

k=1
1,2,...,n,

o0 o0
E,NA=E; N ( U Ak) = U(E,- N Ag), adisjointunion.
k=1 k=1
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Thus,
n n
() =) ain(AN Ey)
i=1i=1
n o0
= Zaiu( U E; N Ak)
i=1 k=1
n o0
= ai Yy u(Ei N Ag)
i=1 k=1
o0 n
= Z aip(E; N Ag)
k=1i=1
o0
=Y v(4r)
k=1
o0 o0
That is, v( U Ak) = Z v(Ag).
k=1 k=1

[6] We have by [5], that
0< /q&du =Y aip(ANE) <Y aip(4) = 0.
A i=1 i=1

Thus, [, ¢dp = 0.

The next result asserts that changing a simple function on a null set does not change the integral.

3.3.3 Corollary

Let (X, X, u) be a measure space and ¢ a nonnegative simple function. If A and B are measurable sets
such that 4 € B and u(B\A4) = 0, then
/ pdp = / pdp.

A B
PROOF.

Noting that B = A U (B\ A), a disjoint union, we have by Proposition 3.3.2 [4] and [6], that

/¢du— | - /¢du+/¢du /¢du+0—/¢du

AU(B\A) B\4

3.3.2 Integral of a nonnegative measurable function

We showed in Theorem 3.2.8 that every nonnegative measurable function is a pointwise limit of an increas-
ing sequence of of nonnegative simple functions. Using this fact, we are able to define the integral of a
nonnegative measurable function using the integrals of nonnegative simple functions.
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3.3.4 Definition
Let f be a nonnegative measurable function. The Lebesgue integral of f with respect to i, denoted by
Jx fdu, is defined as

/fdu = sup {/q&du 10 <¢ < f,pisasimple function}.
b'¢ b'¢

If E € X, then we define the Lebesgue integral of f/ over E with respect to y as

[ ran= [ rxean.
E

Notice that if /" is a nonnegative simple function, then Definitions 3.3.1 and 3.3.4 coincide.

3.3.5 Proposition
Let f and g be nonnegative measurable functions and ¢ a nonnegative real number.

(1] [ycfdu=c [y fdpu.

[2] If f < g, then [y fdu < [y gdu.

[3] If A and B are measurable sets such that A C B, then

[ rau= [ ra
A B

PROOF.

[1] If ¢ = 0, then the equality holds trivially. Assume that ¢ > 0. Then

/cfduzsup{/q&du:qu&fcf,ansimplefunction}
b'¢ b'¢
Z_

= sup {c/ fdu 10 < ¢ < f,¢ asimple function}
c
X

= csup {/ ?dﬂ 10 < % < f, ¢ asimple function}

b'¢
=c/f8u.
b'¢

[2] Since f < g, itfollowsthat{¢ : 0 < ¢ < f, ¢ a simple function} C {¢p : 0 < ¢ < g, ¢ a simple function}.

Thus,
/fdu= sup /¢du§ sup /¢du=/gdu.
X 0§¢SfX 05¢SgX X

[3] If A € B, then x, < xj. Therefore, for any nonnegative measurable function f, we have that
x4 < fxg- ByI[2], it follows that

/fdu=/fodu§/fdeu =ep fdu.
A X X
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n

Conversely, assume that f = 0 a.e. on X. Let ¢ = Za,- X . be a nonnegative simple function,
1

i=1
written in canonical form, such that ¢ < f. Then ¢ = 0 a.e. on X. Since E; = {x € X : ¢(x) = a;,i =
n

1,2,...,n}, we have that p,( U E,-) = 0. But since

i=1

M( U Ei) = Z K(E}),
i=1

i=1

we have that u(E;) = 0, foreachi = 1,2, ..., n. Therefore,

/¢dﬂ = ZaiM(Ei) =0.
i=1

X

/fdu: sup /q&du:O.
¥ Osdzst

It then follows that

O

3.3.8 Proposition
Let (X, X, ) be a measure space and f a nonnegative measurable function. If 4 € X and u(A4) = 0, then

/fd;L:O.
A

PROOF.

Let ¢ be a nonnegative simple function such that ¢ < f. Then, by Proposition 3.3.2 [6], we have that
J4 ¢du = 0. Therefore

/fdu: sup /q&du: sup {0} = 0.
A A

0<¢p<f 0<¢p<f
O
3.3.9 Theorem (Monotone convergence theorem)
Let (X, X, i) be a measure space, (f,) a sequence of measurable functionson X such that0 < f, < fy+1,
for every n € N and limy,—, 0 fn(x) = f(x), foreach x € X. Then f is measurable and
/ fdu = / (lim f,) = lim / Sudi.
n—>00 n—>00
X X X
PROOF.
We have already shown in Corollary 3.2.5 that f is measurable.
Since 0 < f; < fuy1 < f, foreach n € N, it follows, by Proposition 3.3.5, that
/ Sndp < / Snrrdp < /fdu,
X X X
for each n € N. Hence,
nlggo Jndp < /fdﬂ (3.3)

X X
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We now prove the reverse inequality. Let ¢ be a simple function such that 0 < ¢ < f. Choose and fix
esuchthat0 < e < 1. Foreachn € N, let

Ap={x € X : fu(x) = (1 —€)p(x)}.
Now, foreach n € N Ap is measurable, and since ( f;) is an increasing sequence we have that A, C A,41.

Furthermore X = U Ay. Since foreach n € N, 4, C X, it follows that U A, C X. For the reverse

n=1 n=1

containment, let x € X. If f(x) = 0, then ¢(x) = 0, and therefore x € A;. If on the other hand,
f(x) > 0,then (1 —€)pp(x) < f(x). Since f, 1 f and 0 < € < 1, there is a natural number N such that

o0
(1 —-¢€)p(x) < fu(x), foralln > N. Thus, x € A,, foralln > N, and so, X C U A;,. Now, for each

n=1

/fndﬂ E/fndﬂ > (1 —E)/fﬁdw (3.4)
X An An

nenN,

Define v : ¥ — [0, co] by
V(E) = /q&du, EeX.
E

We have already shown in Proposition 3.3.2 [5], that v is a measure on X. Since (A4,) is an increasing
o0

sequence of measurable sets such that X = U Ay, we have, by Theorem 2.3.6 [3], that
n=1

o0

V(X) = v( g A,,) = lim v(4,).

That is, [y ¢pdp = limy—co [, ¢dpi. Letting n — oo in (3.4), we have that
tim [ fudu = (1= [ gdu.
n—>00
X X

Since € is arbitrary, it follows that

lim / Jndu > /¢dﬂ,
n—0o0
X X
for any nonnegative simple function ¢ such that ¢ < f. Then,
lim fnduzsup{/qﬁdu:qﬁis simpleandquSff} =/fdu. (3.5)
n—0o0 .
X X X

From (3.3) and (3.5), we have that
i, | = / fdu.
—>00

Corollary
Let f and g be nonnegative measurable functions. Then

/(f+g)du=/fdu+/gdu.
X X

X
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PROOF.

By Theorem 3.2.8, there are monotonic increasing sequences (¢,) and () of nonnegative simple
functions such that ¢, — f and ¥, — g, as n — oco. Then (¢, + ¥,) is a monotonic increasing sequence
which converges to f* + g. By the Monotone Convergence Theorem (Theorem 3.3.9), we have that

/U+@W—hm/m+%Mu

= llr&l:/¢ndﬂ+/l/fndﬂi|

= lim [ ¢pdp + lim /1//,,0’;1
n—0o0 n—0o0
X

= / fdu + / gdp  (by the Monotone Convergence Theorem)
b'¢

d

3.3.11 Corollary
Let (X, 2, ) be a measure space and ( f;) a sequence of nonnegative measurable functions on X. Then,

foreachn € N,
[ > tw =3 [ s

Y k=1 k=1%
PROOF.

(Induction on n). If n = 1, then the result is obviously true. If n = 2, then, by Corollary 3.3.10, the

result holds. Assume that
/ZﬂW—Z/ﬂW

¥ k=1 k=15
then
n n—1
[ = [ (X 5+ 5 )an
¥ k=1 k=1

-1
ﬂ+/ﬁ@(w@mmw3m
X

X

k=

—_

Il
5 Ma— N —

1

Jrdp + / Jfndp  (by the induction hypothesis)

X

i
Ne— k_\

Jrdp.

b

=1

O

3.3.12 Corollary (Beppo Levi)
Let (X, X, 1) be a measure space (fy) a sequence of nonnegative measurable functions on X and f =
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PROOF.

Since f, —*¢, thereis aset N € X such that u(N) = 0 and f, — f pointwise on N¢. By Theorem

3.3.9,
Jin [ fudu= [ sau.
N¢ N¢

From Corollary 3.3.13, it follows that
/fdp,:/fdu: lim /fndp,z lim /fndp,.
n—00 n—00
X N¢ N¢ X

O

3.3.15 Proposition
Let (X, X, ) be a measure space and f a nonnegative measurable function on X. Then the set function
A 1 ¥ — [0, 0o] defined by

AMA) = | fdu, Aex
/

is a measure on X . Furthermore, for any nonnegative measurable function g,

/gdkz/gfdu.

X X
PROOF.

We note that

wa) = [ fan= [ . rau.
A X
Since f* > 0, it follows that A(4) > 0, foreach 4 € X. If A = @, then x4 = O and so x, /" = 0. Therefore

20 =3 = [ fdu= [ oau=o.
X X

Let (A,) be a sequence of pairwise disjoint measurable sets and A = | J,—; A,. Then

o0
Xa = Xyeo an = ZXA,.‘
B n=1
Therefore, x, f = > 72, X4, /> and so

w) = [ atdn= | S o Sl

X X n=1

o0
=Z/MMum@mmmm
n=1X
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That is, A(U;’;l A,,) =30 AMAy).
If g = x,,forsome A € X, i.e., g is a characteristic function, then

/gd)\zfodA:A/dA:)\(A)

X X

[esan= [ isau= [ ran=ica.
X X A

Thus, [y gdA = [y g/dup. Assume that ¢ = ¢, a nonnegative simple function and let ¢ = Y ;_, aiX,
be the canonical representation of ¢. Then,

){/gdkz/¢dk =/(:1a,-in)dk

X x !

i=1

n
= Zai/XEi d)  (by Corollary 3.3.11 and Proposition 3.3.5)
X
n
= Za;/dl
=1

= Zai)»(Ei),
i=1

and

[ eran= [ osan= [ (Las, ) s
X X x =l

n
= Z a; / XE, fdu  (by Corollary 3.3.11 and Proposition 3.3.5)
X

i=1

=Zai/fdﬂ
=1 g

=Y aiM(Ep).
i=1

Therefore, if g is a nonnegative simple function, then [, gdA = [, gfdpu.

Let g be a nonnegative measurable function. Then, by Theorem 3.2.8, there is an increasing sequence
(¢n) of nonnegative simple functions such that ¢, ="~ g. Then ¢, f ="~ gf. Clearly the ¢, [ are
nonnegative and measurable functions for each n € N (see Proposition 3.2.4). By the Monotone Conver-
gence Theorem (Theorem 3.3.9), we have that

/gdk = lim [ ¢pdr
X X
= lifn Gn fdp
X

= /gfdu.

X
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If f <0,then f* = 0 and so, forany x € X,

ST =0<g).
A similar argument shows that f~ < /.

Definition
Let (X, =, ;1) be a measure space and /" a measurable functionon X. If [}, f*du < ocor [ f~du < oo,
then we define the integral of /', denoted by [} fdu, as the extended real number

[ ran= [ rrau= [ r-au.
X X X

If [ fTdu < coand [y f~du < oo, then f is said to be (Lebesgue) integrable on X. The set of all
integrable functions is denoted by £ (X, ).

It is clear that f is integrable if and only if [ | /'|du < oo. In this case,

[1ridu= [ rran+ [ 1
X X X

Remark
Let (X, X, t) be a measure space and f a measurable functionon X . If f is integrable on X, then | | < oo
a.e. on X. Indeed, if A € X with u(4) > 0 and | /| = oo on 4, then, foreach n € N, | f| > ny . Hence,

[ 1r1du = [ ngadn=n [y =npca.
X X A
Letting » tend to infinity, we have that [, | f|dp = oco.

Theorem
Let (X, 3, i) be a measure space, f,g € L'(X, 1) and let ¢ € R. Then

[1] ¢f € LY(X, ) and [y (cf)dp = ¢ [y fdu.

2] f+gelLN(X,p)and [ (f +gdu = [y fdu+ [y gdp.

PROOF.

[1] Assume that ¢ > 0. Then,

(cf)" = max{cf,0} = cmax{f,0} = c¢(f) and
(cf)” = max{—(cf),0} = cmax{—f, 0} = c(f7)
Therefore,

/(cf)+du=/cf+du=c/f+du<ooand

b'¢ b'¢ b'¢
/(cf)_du=/cf_du=c/f_du<oo.
b'¢ b'¢ b'¢
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Hence, cf is integrable and

[endn= [enran- [erran
X X X

X X
{frafra)
X X
=c/fdu.
X
If ¢ < 0, then ¢ = —k for some k > 0. Therefore

(cf)T = max{cf,0} = max{—kf,0} = k max{—f,0} = kf~ = —cf~ and
(cf)” = max{—(cf),0} = max{—cf,0} = max{kf,0} = kmax{f,0} = kft = —cfT.

From this it follows that

/(cf)+du = /(—cf_)du = —c/f_du < oo and
X X X

Jerran= [ertan=—c [ rtap <o,

X X X

Therefore, ¢ f is integrable and

[endn=[enran- [errau
X X X

——c [ frdu-o [ s
X X

=—c/f_du+c/f+du

X X

=c(X/ f+du—X/f‘du)
- c/fdu.

X
[2] Since
f+e=(+"—(/+g and
fHe=0UT=/+E - =0TgH -+,
we have that
S+ </Tgrand(f+g </ +g .
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By Proposition 3.3.5 [2], it follows that

X/(f-i-g)+dlt§X/(f++g+)duSX/f+dM+X/g+du<ooand
/(f+g)_dM§/(f_+g_)dﬂS/f_du+/g_du<oo.
X X X X

Thus, f/ + g is integrable. Since (f + )t —(f+g) = f+g=fT—f~+g" —g~, we have
that

(f+ +/+g =+ +/ +g".
By Corollary 3.3.10, it follows that

Jir 40 + 57+ 5 an = [17+ o + 17 + gt

X X

@/(f+g)+du+/f‘du+/g‘du=/(f+g)‘du+/f+du+/g+du
X X X

X X X

@/(f+g)+du—/(f+g)‘du=/f+du+/f‘du+/g+du—/g‘du
X X X X X X

©/(f+g)du=/fdu+/gdu.
X X X
O

3.3.20 Corollary
Let (X, 3, i) be a measure space. Then £'(X, ) is a vector space with respect to the usual operations of
addition and scalar multiplication.

3.3.21 Proposition
Let (X, X, i) be a measure space, f,g € L'(X, ). If £ < g ae. on X, then

[ rau < [ san.
X

X
PROOF.

Since g — f > 0 a.e. on X, we have that

/gdu—/fdu=/(g—f)du20.
X X

X

It now follows that [ fdu < [y gdpu.
O

3.3.22 Lemma
Let (X, X, 1) be a measure space. If g is a Lebesgue integrable function on X and f is a measurable
function such that | | < g a.e., then f is Lebesgue integrable on X .

PROOF.
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Since | f| = fT + f~,itfollows that /™ < gand f~ < g. Hence,

0§/f+du§/gduand0§/f_duf/gdu.
X

X X X

Therefore ™+ and f~ are both integrable.
a
The following theorem, known as Lebesgue’s Dominated Convergence Theorem, provides a useful
criterion for the interchange of limits and integrals and is of fundamental importance in measure theory. As
a motivation for the measure theoretic approach to integration, think about how careful one must be when
interchanging the limits and integrals in Riemann integration.

3.3.23 Theorem (Lebesgue’s Dominated Convergence Theorem)
Let (X, X, ) be a measure space, (fy;) a sequence of measurable functions on X such that f,, "7 f
a.e., for f a measurable function. If there is a Lebesgue integrable function g such that for each n € N,
| /| < g ae., then f is Lebesgue integrable and

tim [ fudn = [ S
X X

PROOF.

Since | fu| < g a.e., for each n € N, it follows that | f| < g a.e. By Lemma 3.3.22, we have that f is
Lebesgue integrable.
Since g £+ f, > 0, for each n € N, we have by Fatou’s Lemma (Theorem 3.3.16), that

/gdﬂ + / Sdu = /(g + fdp < lin}linf/(g + fu)dp, and (3.8)
X X X X
/gdu - / Sdu = /(g = dp < linglinf/(g — fudu. (3.9)
X X X X
Now,
liminf/(g + fa)dp = /gdu +liminf/ Jfudp, and (3.10)
X X X
lin}linf/(g—fn)dp, = /gdp,—limnsup/fndu. G.11)
X X X
Since g is Lebesgue integrable, we have, from (3.8) and (3.10), that
X X
Similarly, from (3.9) and (3.11), we have that
X X

From (3.12) and (3.13), it follows that

limsup/fndp, < /fdp, < liminf/ Sndpt,
"ok X

X
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