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Types of Grammars
Grammars are classified accordingly to the types of productions that define the g
G be a grammar and |et A define the null string. ,
(a) Let @, o, and @, denotc arbitrary strings on non-lermmal symbols and tcnmnal ' mbat

o, Ao, > a, B o 2) )

where [} represents any non-empty string, tﬁen (i 1s a, context sensitive grammar. ;, e

context sensitive comes from the fact that A can be rgplaced by ]} only when A lies between's
and o,. (Frequently, a grammar is called context sensitive if the productions merely have he for

a-—)‘} whcrc|a|<|ﬁ|Ol’Oflhcr()l'ma—)l) | |

(b) If the productions in G have the form A — a, that is, the left side is a single erming

and the right side i1s a word in one or more symbols ie,a e (Vy w U,)* then G i is context fre

(c) A grammar G is said to be regular if in each producuon the left had side is .
nonterminal symbol and the right hand side contains at most one non-terminal symbol wh 'i '

right most (or left most) symbol.



The four types of grammars (phrase — structure, context - sensitive, context free and_' L'f'.‘_,‘ la

are also known as type 0, type 1, type 2, type 3 grammars respectively. Thcy form a g
hierarchy, called the chomsky hierarchy. A type 0 grammar has no restrictions on its p

I c————

From these definitions we see that every type 3 grammar is a type 2 grammar, every 2 :
is a type | grammar and type 1 grammar is a type 0 grammar. Note the a regular ..'1. 50
context — free grammar r and that a context — free grammar with no production of the fonn’

IS a context sensitive grammar.




A language L is context — sensitive (respectively, context-free, regular) if there is a context
sensitive (respectively, context free, regular) grammar G with L = L (G). :

of the given type : Turning machine (type 0), linear bounded automata (type 1), nondete n 1
pushdown automata (type 2) and finite ~ state machine (type 3) s
b



Class of Grammatical Machine
Grammar, G p Characterization Charaden'za!iolg.-‘ '
Type 0 Unrestricted (or phrase structure) Turing machine |
Type | Context-sensitive Lincar-bounded
automation 4
Type 2 Context-free Pushdown

automaton -

Type 3 Regular (or right linear) Finite state maching




an diagram in Fig 16.1, shows the chomsky heirarchy of the various grammars
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Example 19. Determine the type of the grammar G which consists of the production
Li(a) Vy = {S, A, B}, V: = {a, b}, P = (S — aA, A - aAB. B — b, A—-)a} and starting

! SymbOl S- '-‘. Aan = Mda o~ ',". yv‘u .f/t
() V= {S,A}, V.= {a, b}, P (S-—)bS S—->aA A-—>aS A-—)bA A-+a,S—>b) and
starting symbol S. 2K 'S (a0 ad ot 4, he fiv1 3 % | ol

C () Vi = 1{S, A, B} V; = {a, b, ¢} with productions P = {S — BAB, 5 = ABA, A — AB,
B— BAA — SA A— ab, B— b}



Solution. (@) G is a context free or type 2 grammar since each prcduction is of the form
- @, i.e., left side is a single nonterminal symbol and right side is a word 'n one or more symbols.

~ (b) G is a regular or a type 3 grammar since each production i5 of the form A = «
‘A — aB, that is, the left side is a single nonterminal symbol and the right side is either a single
minal or a terminal followed by a nonterminal.

_ (¢) The length of left side of each production does not exceed the length of the right side,
hence G is a context sensitive or type 1 grammar,
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_ Examp_lg}o Determine the type of the grammar r with the following production
(a) S—>aAB,A -5 bB,B > A
(b) S—> ABa, AB—a . |

() S AB, B —» aAb, adb — b ) ‘L"/,;,.l it




3 (c)The production § - AB belong to type — 2 grammar while the productions
edb — b is of type 0 and B — Ab is of type 1. Hence the grammar with the given production is

~ Since languages are generated by a grammar, therefore corresponding to above four types of
gammar, there are four types of languages also. For example,
N - Language L = {a'b': i 2 1} is a type-2 language because it can be specified by the type — 2
grammar with productions of the form A — aA b and A — ab.



Example 21. Consider the language L = {0"1™ : n # m}, find a contex: free grammar G which
ates L.

5 Solution. When # = m, the grammar G with productions S > 0 [, S <> 0 S 1 will generate L.
In this case G is a context free since each left side is a single nonterminal symbol.

" Whenn> m, we first generate a string with equal number of 0’s anc 17s, then add extra 0's
g;nhe left. This i1s done with

S—>AS,5, - 0§, 1,5, >AL,A->0AA-0.
When n < m, we can use similar reasoning and get the production
S—>AS5,5—-§,B,§5 205, 1,§ 2AA->0AAA->0,E—>1B,B— 1
~In all the cases grammar is context free.
. Note: there are many other equivalent context free grammars.




Derivation Trees of Context-free Grammar

Given a context free grammar and a string that is derivable from the grammar, it is often useful
{0know a derivation, because that is what allows us to interpret the string correctly. A natural way
o exhibiting the structure of a derivation is to draw a derivation tree or >arse tree. A derivation
1s an ordered tree in which each vertex are labeled with the left sides of a productions and in







Example 22. Use the grammar G given as.
G = ({S, A, B}, {a, b}, P, 8} -
P = {{S—> AB), (S » bA), (A - a), (A - aS), (A — bAA), (B — b)

where

- \u,;.

ct the derivation trees for the strings. (/) aaabbb (ii) abababba (iif) aababb.

Solution. (i) The word aaabbb can be derived from S as
S

S=>AB = 4B = 4aBB = aq (aBB) =
b = aaabbb
The derivation tree of the word is indicated by Fig. 16.2.
(i) The string abababba can be derived from S as follows
S = AB =% a (bS)=>ab (AB) = ab (a bS)

=> abab (AB) = abab (abS) = ababab (bA)
=> abababbal

The derivation tree of the string is indicated by Fig 16.3.






(#f) The string aababb can be derived from S as follows § = AR = a (aBB) = aab aBB =

=« ab]
4

rba‘l'he derivation tree of the string is indicated by Fig. 16.4.
S




Qample—_n_; ‘F‘i.g 16.5 is the derivation tree of a—slring @ in a language L of 5 context-free

;rammar G (@) Find the yield (5) which nonterminals, terminals and production must belong to G ?
= s

Fig. 16.5

Solution. (a) The yield of the tree is the string of symbols which is cbtained by reading the
kaves of the tree from left to right. Hence the yield of the derivation tree is acbabe. |

(4) The nonterminal symbol Vi ™ 15, A, B}, the terminal symbol V= {3, b, ¢}, The production
P={S — aAB, A - Bba. B —» bB, B — ¢} belong to G.




Backus — Naur Form

There is another notation, called the Backus-Naur form (BNF) which is sometimes used for
describing the production of context free grammars, This form is used to saecify the syntactic rules
of many computer languages, including java. In BNF

(/) Every nonterminal symbols is enclosed in angle brackets < >,
(#1) The terminal symbols are written without any special making.
(#1f) The symbol : : = is used instead of — and should be read “is def ned as”,

(iv) All the productions with the same nonterminal lefi-hand side are combined into one
statement with all the right hand sides listed on the right of : : =, separated by vertical
bars. For instance, the production A — B is written as




<A>;:: = < B>

Productions of the form <A>::=<B > <A>::=<B> _ <A>= <B > in BNF may be
‘fombined as

<A>:: = <B>|<By> | ... | <B >

For instance, production A - A @, A — ¢ and A — AB can be combined in BNF form as
<A>:: = <A>g|a|<A><B>



_Example 24. Give the Backus — naur form for the production of all integers and ShQ'.
the derivative of — 32 | in BNF. ‘

Solution. The following grammar gencrates all integers.

e éu.g, St )m) inkeye },,» <integer> : : = <signed integer> | <unsigned integer>
ev = Uns e d argges <signed integer> : : = + <uns:gnpd integer> | — <unsigned integer=
<unsigned integer= . . = <digit> | <digit> | <unsigned intcger=

<digit>:: =0]1]213|415/6]17[8]9.
The starting symbol is <integer=
The derivative of - 321 in B N F is shown below.
<integer> => <sizned integer>
— — <unsigned integer>
— .- <digit> <unsigned integer>
— - <digit> <digit> <unsigned integer=
— - <digit> <digit> <digit>
- - 3 <digit> < digit> -
=.2 2 <digit>
A - _y ==321L




