
Nonlinear Dynamical System 

I) continuous-time Dynamical System:- 
1) one-Dimensional system:- 

a) Approximate solution and the asymptotic behavior:- 

consider the dynamical system 𝑑𝑥

𝑑𝑡
= 𝑓(𝑥), where 𝑓(𝑥) is a nonlinear function 

let 𝑥∗ be an equilibrium point 𝑓(𝑥∗) = 0 

Using Taylor series around 𝑥∗, then 

𝑓(𝑥) ≈ 𝑓(𝑥∗) + 𝑓′(𝑥∗)(𝑥 − 𝑥∗) +
𝑓′′(𝑥∗)

2
(𝑥 − 𝑥∗)2 + ⋯ 

The linear term:- 

𝑓(𝑥∗) + 𝑓′(𝑥∗)(𝑥 − 𝑥∗) is called the linearization (tangent line approximation) to 
the nonlinear function 𝑓(𝑥) in the neighborhood of 𝑥∗. 

𝑓(𝑥) ≈ 𝑓(𝑥∗) + 𝑓′(𝑥∗)(𝑥 − 𝑥∗) 

 
𝑓(𝑥∗) = 0                            ∴ 𝑓(𝑥) = 𝑓′(𝑥∗)(𝑥 − 𝑥∗) 

 

The dynamical system become  𝑑(𝑥−𝑥∗)

𝑑𝑡
= 𝑓′(𝑥∗)(𝑥 − 𝑥∗) 

Let 𝑦 = 𝑥 − 𝑥∗                           ∴ 𝑑𝑦

𝑑𝑡
= 𝑓′(𝑥∗)𝑦 

∫
𝑑𝑦

𝑦
= 𝑓′(𝑥∗) ∫𝑑𝑡          ⇒                  ln 𝑦 = 𝑓′(𝑥∗)𝑡 + 𝑐 

𝑦 = 𝑐𝑒𝑓′(𝑥∗)𝑡              ⇒              𝑥 − 𝑥∗ = 𝑐𝑒𝑓′(𝑥∗)𝑡 

The approximate solution for the nonlinear dynamical system  

𝑥(𝑡) = 𝑐𝑒𝑓′(𝑥∗)𝑡 + 𝑥∗ 



The asymptotic behavior:- 

As 𝑡 → ∞ 

If 𝑓′(𝑥∗) < 0                        ⇒             𝑒𝑓′(𝑥∗)𝑡 → 0 

If 𝑓′(𝑥∗) > 0                        ⇒             𝑒𝑓′(𝑥∗)𝑡 → ∞            ⇒       𝑥(𝑡) → ∞ 

If 𝑓′(𝑥∗) = 0                        ⇒             𝑒𝑓′(𝑥∗)𝑡 → 𝑓𝑖𝑛𝑖𝑡𝑒 

 

b) Linear stability analysis:- 

let 𝑥∗ be an equilibrium point of the dynamical system 𝑥′ = 𝑓(𝑥) 

If 𝑓′(𝑥∗) < 0                        ⇒              𝑥∗ is stable 

If 𝑓′(𝑥∗) > 0                        ⇒              𝑥∗ is unstable 

If 𝑓′(𝑥∗) = 0                        ⇒              test fails  

𝑥∗ may be stable or unstable 

According to nonlinear term (test fails) 

 

Example:- determined the equilibrium and their linearized stability of the 
dynamical system 𝑥′ = 𝑥2 − 1 

 

Solution:- to determine the equilibrium point 𝑥′ = 0 

𝑥2 − 1 = 0            𝑥1
∗ = 1,         𝑥2

∗ = −1 

𝑓′(𝑥) = −2𝑥 

𝑓′(𝑥1
∗) = 2 > 0           unstable,            𝑓′(𝑥2

∗) = −2 < 0           stable 
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The linearization around 𝑓(𝑥) 

𝑓(𝑥) = 𝑓′(𝑥∗)(𝑥 − 𝑥∗) 

 

Around 𝑥1
∗ = 1       𝑦 = 2𝑥 − 2 

 

Around 𝑥2
∗ = −1    𝑦 = −2𝑥 − 2 

 

 

Example:- determined the equilibrium and their linearized stability of the 
dynamical system  𝑥′ = 𝑥 − 𝑥3 

Solution:- to determine the equilibrium 𝑥′ = 0 

𝑥 − 𝑥3 = 0       ⇒         𝑥(1 − 𝑥2) = 0 

𝑥1
∗ = 0        𝑥2

∗ = 1       𝑥2
∗ = −1 

𝑓′(𝑥1
∗) = 1 > 0   unstable,       𝑓′(𝑥2

∗) = 𝑓′(𝑥3
∗) = −2 < 0   stable 

The linearization of 𝑓(𝑥) 

Around 𝑥1
∗ = 0         ⇒     𝑦 = 𝑥 

Around 𝑥2
∗ = 1         ⇒     𝑦 = −2𝑥 + 2 

Around 𝑥3
∗ = −1      ⇒     𝑦 = −2𝑥 − 2 

 

2) Two-Dimensional system:- 

Consider a two-dimensional system  𝑑𝑥

𝑑𝑡
= 𝑓(𝑥), 𝑓(𝑥) = [

𝑓1(𝑥)

𝑓2(𝑥)
] is a nonlinear 

function 



Let 𝜒∗ be an equilibrium point 

The nonlinear function 𝑓(𝑥) is approximate by the linear function 𝑓(𝑥) ≈

𝐴(𝑥 − 𝑥∗) where A is the Jacobin of 𝑓(𝑥) 

𝐴 =

[
 
 
 
 
𝜕𝑓1
𝜕𝑥

𝜕𝑓1
𝜕𝑦

𝜕𝑓2
𝜕𝑥

𝜕𝑓2
𝜕𝑦 ]

 
 
 
 

 

Linearization and stability analysis:- 

Real eigenvalue 

If 𝜆1, 𝜆2 < 0                            ⇒   stable node 

If 𝜆1, 𝜆2 > 0                            ⇒   unstable node 

If 𝜆1, 𝜆2 have opposite signs   ⇒  saddle point 

If 𝜆𝑖 ≤ 0, 𝜆𝑗 = 0                     ⇒   Test fails  

 

Complex eigenvalue 𝜆 = 𝛼 + 𝑖𝛽 

If 𝛼 < 0                            ⇒   stable spiral 

If 𝛼 > 0                            ⇒   unstable spiral 

If 𝛼 = 0                            ⇒   Test fails 

 

Example:- 𝑑𝑥

𝑑𝑡
= [

−𝑥 + 𝑥𝑦
−4𝑦 + 8𝑦

] 

Solution:- to determine the equilibrium 𝑓(𝑥) = 0 

−𝑥 + 𝑥𝑦 = 0         ⇒         𝑥(−1 + 𝑦) = 0         ⇒         𝑥 = 0   and  𝑦 = 1 

−4𝑦 + 8𝑥𝑦 = 0    ⇒         𝑦(−4 + 8𝑥) = 0       ⇒         𝑥 =
1

2
   and  𝑦 = 0 



The equilibrium                        𝑥1
∗ = [

0
0
]     𝑥2

∗ = [
1

2

1
] 

The Jacob matrix 

𝐴 = [
−1 + 𝑦 𝑥

8𝑦 −4 + 8𝑥
] 

𝐴(𝑥1
∗) = [

−1 0
0 −4

]                ⇒               𝜆1 = −1,          𝜆2 = −4 

𝑥1
∗ = [

0
0
]  is a stable node 

𝐴(𝑥2
∗) = [

0       
1

2

8       0
]                ⇒               𝜆1 = 2,             𝜆2 = −2 

𝑥2
∗ = [

1

2

1
]  is a saddle node 

II) Discrete-time Dynamical System:- 
1) one-Dimensional system:- 

a) Approximate solution and the asymptotic behavior:- 

consider the dynamical system 𝑥𝑘+1 = 𝑓(𝑥𝑘),   𝑥(0) = 𝑥0, where 𝑓(𝑥𝑘) is a 
nonlinear function. 

Let 𝑥∗ be an equilibrium point 𝑓(𝑥∗) = 𝑥∗ 

Using the Taylor series expansion around 𝑥∗, then  

𝑓(𝑥) ≈ 𝑓(𝑥∗) + 𝑓′(𝑥∗)(𝑥 − 𝑥∗) +
𝑓′′(𝑥∗)

2
(𝑥 − 𝑥∗)2 + ⋯ 

= 𝑓′(𝑥∗)𝑥 + (1 − 𝑓′(𝑥∗))𝑥∗ 

Comparing with the equation 𝑓(𝑥) = 𝑎𝑥 + 𝑏 

𝑎 = 𝑓′(𝑥∗)           𝑏 = (1 − 𝑓′(𝑥∗))𝑥∗ 



The approximate solution 

  

The asymptotic behavior:- 

As 𝑘 → ∞ 

If |𝑓′(𝑥∗)| < 1           𝑓′(𝑥∗))𝑘 → 0            ⇒               𝑥(𝑘) → 𝑥∗ 

If |𝑓′(𝑥∗)| > 1           𝑓′(𝑥∗))𝑘 → ∞           ⇒               𝑥(𝑘) → ∞ 

If 𝑓′(𝑥∗) = 1                                      𝑥(𝑘) → 𝑥0 

 

 

If 𝑓′(𝑥∗) = −1 

 

 

Example:- prove that 2 is an equilibrium point of the dynamical system 
 𝑥𝑘+1 = 𝑥𝑘

3 − 𝑥𝑘
2 − 2, 𝑥0 = 3. Find an approximate solution of the system around 

2, and discuss the asymptotic behavior. 

 

Solution:-                                  𝑓(𝑥) = 𝑥3 − 𝑥2 − 2 

𝑓(2) = 8 − 4 − 2 = 2         ⇒           ∴ 2 is an equilibrium point 

𝑓′(𝑥) = 3𝑥2 − 2𝑥      ⇒           𝑓′(2) = 12 − 4 = 8 

The approximate solution 

   𝑥(𝑘) = 

(𝑓′(𝑥∗))𝑘𝑥 + (1 − 𝑓′(𝑥∗))𝑘𝑥∗        , 𝑓′(𝑥∗) ≠ 1 

𝑥0 + 𝑘(1 − 𝑓′(𝑥∗))𝑥∗                     , 𝑓′(𝑥∗) = 1 

−𝑥0 + 2𝑥∗                          ,𝑘 = 1,3,5, ⋯ 

𝑥0                                       ,𝑘 = 2,4,6, ⋯ 



𝑥(𝑘) = (𝑓′(𝑥∗))𝑘𝑥 + (1 − 𝑓′(𝑥∗))
𝑘
𝑥∗ = 3(8𝑘) + 2(1 − 8𝑘) = 8𝑘 + 2 

 

b) Linear stability analysis:- 

If 𝑥∗ is an equilibrium point of the dynamical system 𝑥𝑘+1 = 𝑓(𝑥𝑘) 

If |𝑓′(𝑥∗)| < 1                      ⇒            𝑥∗ is stable equilibrium point    

If |𝑓′(𝑥∗)| > 1                      ⇒            𝑥∗ is unstable equilibrium point    

If 𝑓′(𝑥∗) = 1                        ⇒            Test Fails 

 

Example:- Determine the stability of all equilibrium of the dynamical system 
𝑥𝑘+1 = 𝑥𝑘

3 

 

Solution:- to determine the equilibrium point 𝑓(𝑥) = 𝑥 

𝑥3 − 𝑥 = 0             𝑥(𝑥2 − 1) = 0 

 

𝑥1
∗ = 0       𝑥2

∗ = 1        𝑥3
∗ = −1      ∴ 𝑥1

∗,  𝑥2
∗,  𝑥3

∗ are the equilibrium points 

 
𝑓′(𝑥) = 3𝑥2 

 
𝑓′(𝑥1

∗) = 𝑓′(0) = 0 < 1 

𝑥1
∗ is a stable equilibrium point 

 
𝑓′(𝑥2

∗) = 𝑓′(𝑥3
∗) = 𝑓′(±1) = 3 > 1 

Both 𝑥2
∗, 𝑥3

∗  are unstable equilibrium point 

 



2) Two-Dimensional system:- 

Linearization and stability analysis:- 

Let 𝜆1 and 𝜆2 be the eigenvalue of the Jacobin  matrix A. 

Real eigenvalue 

If |𝜆1| < 1 and , |𝜆2| < 1           ⇒   stable node 

If |𝜆1| > 1  or  |𝜆2| > 1             ⇒   unstable node 

If 𝜆𝑖 ≤ 1, |𝜆𝑗| = 1                      ⇒   Test fails  

Complex eigenvalue 𝜆 = 𝛼 + 𝑖𝛽 

If |𝜆| < 1                            ⇒   stable spiral 

If |𝜆| > 1                            ⇒   unstable spiral 

If |𝜆| = 1                            ⇒   Test fails 

 

Example:- Determine the stability of all equilibrium of the dynamical system 

𝑥𝑘+1 = 𝑓(𝑥𝑘), where 𝑓(𝑥) = [
𝜒 + 𝑦2

𝑥 + 2𝑦
]        

Solution:- to determine the equilibrium point 𝑓(𝑥) = 𝑥 

[
𝜒 + 𝑦2

𝑥 + 2𝑦
] = [

𝑥
𝑦] 

𝜒 + 𝑦2 = 𝑥  ⇒   𝑦 = 0                ,                   𝑥 + 2𝑦 = 𝑦  ⇒   𝑥 = 0 

𝑥∗ = [
0
0
] is an equilibrium point 

The jacobian matrix:      𝐴 = [
1 2𝑦
1 2

]  

𝐴 [
0
0
] = [

1 0
1 2

]     ⇒   the eigenvalues 𝜆1 = 1,   𝜆2 = 2 


