2) Two-Dimensional system:-
Linearization and stability analysis:-
Let A, and A, be the eigenvalue of the Jacobin matrix A.

Real eigenvalue

If|A;] <1and,|A,| <1 = stable node
If [A{]>1 or |A,| > 1 = unstable node
If2, <1, |34 =1 = Test fails

Complex eigenvalue A = a + i

Ifla <1 = stable spiral
If|A] > 1 = unstable spiral
If|Al =1 = Test fails

Example:- Determine the stability of all equilibrium of the dynamical system
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Xiev1 = f (i), where f(x) = [ﬁc( :||-_ %IY]

Solution:- to determine the equilibrium point f(x) = x
3)-0
x+ 2y y
x+y*=x=> y=0 : x+2y=y = x=0
. _ [0] : e :
X" =|y]isan equilibrium point
. . . 1 2y
The jacobian matrix: A = [ 1 5 ]

A [8] = [1 (2)] = the eigenvalues A, =1, 4, =2



2,1 > 1

The equilibrium point x* = [8] is unstable node

III) Lyapunov functions:-

Consider x* is an equilibrium point of a dynamical system
Let J be a function of x satisfies the following condition:-
I) v(x) is a continuous function

Il v(x) >0, Vx # x*

I v(x*) =0

1) Continuous-Time:-

If % < 0, Vx at least within a fixed positive distance of x* (x* may be excluded),

then v(x) is a Lyapunov function and x* is stable

d )
If d—: > 0, Vx # x* then x* is unstable

2) Discrete-Time:-

If v( f (x)) — V(x) <0, Vx at least within a fixed positive distance of x* (x* may
be excluded), then V' (x) is a Lyapunov function and x* is stable

If Vf((x)) —v(x) >0, Vx # x* then x* is unstable

The general form of the function V (x)

V() = (g = x)? + (g —x3)? + -+ (6 — x7)?



Example:- consider the dynamical system x’ = —x3. Study the equilibrium points
and determine their stability

Solution:-x' =0 = —-x3=0 = x=0
One equilibrium point x* = 0

fl(x) =-3x> = f(0)=0
Linearization fails
Using Lyapunov functions let V (x) = x? satisfies the conditions:-
I) V(x) is a continuous function
MHV(x) >0, Vx = x*

I V(x*) =0

_=——:2 ’:2 3 :_24. v "
dt  dxdc (26)(=x7) x* <0, X # X

x* = 0 is a stable equilibrium point

)
x+vy3—3y
Lyapunov functions study the equilibrium points and determine their stability

Example:- consider the dynamical system x' = f(x) = [ . Using

Solution:- xX=0 = —-y=0 = y=0

x+y3-3y=0 = x=0
o1 . . . * 0
The equilibrium points is x* = [ 0]

Using Lyapunov functions let V (x) = x? + y? satisfies the conditions:-



I) V(x) is a continuous function
MV(x) >0, Vvx = x*
) V(x*) = 0

av._dvdx dvdy

- — = = — 3 _
it " dxat Tayar - XY TGyt =3y)

= —2xy + 2yx + 2y* — 6y?
= 2y2(y2 _ 3)
% <0 V|y| < /3, with a circle of radius v/3 around x* we have % <0

V(x) = x? + y? is a Lyapunov function and x* = [8] is a stable node.
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Example:- consider the dynamical system x;.; = f(x;), x' = f(x) = [3; ]

Using Lyapunov functions. Study the equilibrium points and determine their
stability

Solution:- f(x) =x = [3;2] = [;] = x=0, y=0

The equilibrium points is x* = [8]

Using Lyapunov functions let V(x) = x% + y? satisfies the conditions:-
I) V(x) is a continuous function
MV(x) >0, Vx = x*

) V(x*) = 0



V)=V =y*-x*-x>-y? =y?(y> - 1)

~V(f(x) = V(x) <0, Y|yl <1, with a circle of radius V3 around x* we have
V(f(x)) —V(x), V(x) = x* + y? is a Lyapunov function and x* = [8] is a stable

node.



