4. LAURENT SERIES

Theorem'VIL. Laurent’s theorem [equation (4.1)] (which we shall state without |
proof). Let C; and C; be two circles with center at 24, Let f(2) be analytic in the
region R berween the circles. Then /(z) can be expanded in a series of the form
by by
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convergent in R.
Such a series is called a Laurent series. The “4" series in (4.1) is called the
principal part of the Laurent series.
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The formulas for the coefficents in (4.1) are (Problem 5.2)
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FIGURE 4.1

Definitions:

If all the s are zero, f(2) is analytic at z = 2, and we call 2, a regular point.
(See Problem 4.1.)

If b, # 0, but all the &’s after b, are zero, f(z) is said to have a pole of order n at
z=zg. If n =1, we say that f(z) has a simple pole.

If there are an infinite number of #'s different from zero, f(s) has an essential
singularity at z =z,

The coefficient &, of 1/(z — z) is called the residue of f(z) at z = z,.
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14. Obtain all the Laurant series of the function about z = -1.
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15. Expand is the region
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Find Laurent series about the indicated singularity for each of the following functions:
2z .
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(b) (z—3)sin—7: z=-2. (d =-2.
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Name the singularity in each case and give the region of convergence of each series.

Solution
(a) Letz=1=u.Thenz=1+uand

e?.: e2+2ll 2 L 2 . : (2“)2 f (2")3 ; (2“)4
u 2! 3! 4!

B e’ i 2¢? +2€2 +4ez+2ez(” 4
T@-1) @-1? -1 33"

z=11s a pole of order 3, or triple pole.
The series converges for all values of z# 1.

(b) Letz+2=wuorz=u-2. Then
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(z=13)sin

7= —2 18 an essential singularity.
The series converges for all values of z# —2.
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= (s a removable singularity.
The series converges for all values of 7.

(d) Letz+2=u.Then
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7= =215 apole of order 1, or simple pole.
The series converges for all values of z such that 0 < |z 42| < 1.

(¢) Letz—3=u. Then, by the binomial theorem,
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z=31is a pole of order 2 or double pole.
The series converges for all values of z such that 0 < |z = 3| <3.



|
Expand f(z) = ——— in a Laurent series valid for:
pnd ) = e+ )

@1<l<3, O)d>3 ©0<z+1]<2 (@|4<1.

Solution

(a) Resolving into partial fractions,

If |z| > 1,
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Then, the required Laurent expansion valid for both |z| > 1 and |z] < 3,1e., 1 <|z| <3,1is
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Then the required Laurent expansion valid for both |z > 1 and |z| > 3, i.e., |z] > 3, is by subtraction
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(¢) Letz+ 1 =u. Then
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(d) If |z <1,
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If |z) < 3, we have by part (a),
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Then the required Laurent expansion, valid for both [z| < 1 and |z| <3, i.e., |z < I, is by subtraction
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This is a Taylor series.



