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Stirling numbers in terms of factorial powers.

Stirling numbers are often defined as the coefficients in an
expansion of positive integral powers of a variable in terms of
factorial powers, or vice-versa:

Notation and Standard Formulae
Def (1). (Falling factorial)

The n" falling factorial of real number x of order n; n is
positive integer, denoted by (x) , x" or x", is defined as the

product of n factors:

(x), r=X(x—l)(x—z)...(x—n+1)=m@:

and (x), =1.

nl

n_l(x—i), for n:]_,2,...(1)

We deduce the following fundamental property of the factorials
In the following lemma:

Lemma (5). If r Is positive integer, then

(%), = (), (x=K),. (2)
Proof. If r is positive integer, then
(X)sr =X(x=1)(x=2)..(x—k —r +1)
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=[x(x=1)..(x=k +D[[(x=K)(x =k =1)...(x—k = r +1)].
Since (x—k)(x—k-1)..(x=k-r+1)=(x-k) , then
=[x(x=1)...x=k+D)](x-k) =(x), (x=k) , Le.,
X! x! (k—r)!

_ — = -k) .
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We have from this formula, for r >0 and k =0, that

(X)y., = (x),(x=0), =1(x),. Thus, (x), =1.
Lemma (6) (Vandermonde Formula)

Let x and y be real numbers and n a positive integer. Then
nin
(o9, =3 o0, (9, ®
Proof. (By Induction)

It’s easy to show formula (3) is true for the two cases n=1,2.
Assume that it’s true for n—1, that Is

CERE > i XTI

k=0
It will be shown that it holds also for n, we have
(x+ y)n :(x+ y — n+1)(x+ y)n_l

“(ery-nen 3 "0, 0,

k=0
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Since (X ty-n +1)(X)k (y)n—k—l - (X)k (y)n—k + (X)k+1(y)n—k—1’
we successively get

2 L CNONES iy XN

Therefore, on using Pascal's triangle, we deduce the result.

Lemma (7). The defining equation for Stirling numbers of the
second kind, using formula (1), can be written as

angs(n,j)(x)j Ei{h}(x)j ,forn=1,2,... (4)

i—o | J

Proof. (By Induction on n),

For n=0 gives 1=1, the formula is true, so assume it’s true for
n-1.

Note that (x),,, =(x), (x=k).S0, x(X), =(X),,, +k(X),. We have

X" =xx"" = X[ﬂi{n;l}(x)kJ = ni{nlzl}((x)m + k(x)k)

k=0 k=0
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The result follows.
If we let (x) :=x(x-1)(x-2)..(x—n+1) be the falling factorial,

we can characterize the Stirling numbers of the second kind by
(4) (the notation that combinatorialists use for falling factorials
coincides with the notation used in special functions for rising
factorials). Note that formula (4) is precisely the recurrence
obeyed by S(n, j),

S(n+Lk)=kS(nk)+S(nk-1),

If the conditions S(n,n)=1, S(n,k)=0, for k<Oand k >n+1, are
used: Now

e}

X" = Z S(n+1k)(x),, (5)

K=—o0

Xn+l — XXn . (6)
Substitution of equations (4) and (5) into equation (5) gives

o0

_ZS (n+Lk)( x:Z (%), = D S(nk)x(x), . (7)

k=—00

However, x(x), =xx(x-1)..(x-k+1)

=(x=k+k)x(x=1)..(x =k +1)=(x), , +k(x),.
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Using this last result in equation (7), we obtain

e}

D S(n+1,k)(x k_i S(n,k) ( +k(x)k)

k=—c0

0

Z S(n,k)( +Zk8nk()

- i 0.k —1)( Z kS (n, k)
Comparing the coefficient of (x) Implies the result.

Stirling numbers of the second kind are the coefficients in the
factorial polynomials

X" =kzn;8(n,k)(x)k =5(n,0)(x), +S(n1)(X), +...+ S (n,n)(x),

Sl oo

Lemma. The Stirling numbers of the second kind, S(n,k)

satisfy the following formulae, for any two positive integers
nk,n>k:

S(nk)= nzki(n_ljS(u,k—l), and
S(n,k):%_k1(—1)i[l_<j(k—i)”.

We find on setting n=1,2,3,..., and expanding (x) we have
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n=1: (x),=x = 1x,

n=2: (x),=x(x-1) = —1X+1x°,

n=3: (X),=x(x-1)(x-2) = 2Xx-3x"+1x°, (A)
n=4: (x), = x(x-1)(x—2)(x-3) = —6X+11x° —6X° +1x*,

N=5: (X), = x(x=1)(x—2)(x—3)(x—4) = 24x —50x* + 35x° —=10x* +1x°,

etc.

Arranging the coefficients in a triangle array gives the Stirling
triangle of numbers of the first kind.

—6 11 —6 1
24 -50 35 —10 1
Stirling triangle of the first kind

These relations, (A) , can be inverted to give the various powers
of x in terms of the factorial functions (x)
X =1(x),,
x> =1(x), +1(x),,
x° =1(x), +3(x), +1(X),,
X Z1(X), + 7(X), + 6(X), +1(X),, (B)
x° =1(X), +15(X), + 25(X), +10(X), +1(X)s,
x® =1(x), +31(X), +90(X), + 65(X), +15(X); +1(X),,
etc.

Arranging the coefficients in a triangle array gives

n .
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1 1
1 3 1
1 7 6 1
1 15 25 10 1
1 31 90 65 15 1

Stirling triangle of the second kind

For example, x° = {3}(x)o +{i}(x)l + {2}(x)2 +{§}(x)3

e e

O+x+3(x2—x)+(x3—3x2+2x).

The expressions given in equations (A) and (B) can be written
In the following generated forms, respectively:

n

(X) =D s(nk)x, n>1 (A)

k=0

and Stirling numbers of the second kind are the coefficients in
the factorial polynomials

X" =375 (n.k)(x),, n>1. (B):

The coefficients s(n,k) are called Stirling numbers of the first
kind, while the coefficients S(n,k) are called Stirling numbers
of the second kind.
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These numbers satisfy the following recurrence relations:
s(n+1,k)=s(n,k-1)—ns(n,k), (A)2
where for n>0, s(n,n)=1, s(n,k)=0, for k<0and k>n+1, and
S(n+1,k)=S(n,k—-1)—kS(n,k), (B)2
where for n>0, S(n,n)=1, S(n,k)=0, for k<0and k >n+1.
Proof. Using the fact s(n,n) =1 s(n,k)=0, for k<Oand k>n+1,

where for n >0, we can rewrite (A): as follows:

0

(X) => s(nk)x“. (i)

k=—0

Therefore (X) =3 s(n+1k)x"., (ii)

k=—o0

From the definition of the factorial polynomials, we have
(X)n+1:(x_n)(x)n' (”I)

Substituting equations (i) and (ii) into equation (iii) gives

0 0

D s(n+Lk)x =(x=n)>_ s(nk)x"

k=—o0 k=—o0

= i s(n,k)x* = > ns(n,k)x"

k=—o0 k=—c0

0

_Z s(n,k-1)x*= > ns(n,k)x"

k=—o0

If we equate the coefficients of x*, we obtain the result (A)2.
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The defining equation for Stirling numbers of the second kind

can be written as X" = i S(nk)(x), - (iv)

k=—00

If the conditions S(n,n)=1, S(n,k)=0, for k<Oand k >n+1, are

o0

used. Now X" =>" S(n+1k)(x),, (V)
k=—c0
and X" = xx". (vi)
Substitution of equations (iv) and (v) into equation (vi) gives
iS(n-l-lk —XZ is(n,k)x(x)k. (vii)
k=—o0 k=— k=—o0

However, x(x), =xx(x-1)..(x-k+1)

=(x=k+k)x(x=1)..(x =k +1) = (x),,, +k(x),.

Using this last result in equation (vii), we obtain

i n,k) ( +k(x)k)

S(K)(X), .+ 3 kS(nK)(x),

—o0 k=—o0

e}

> S(n+1,k)(x

k=—c0

I
M ]

7~—
Il

e e}

S(n,k-1)(x) + > kS(nk)(x),,

—00 k:—w

Il
[M]s

k

and the result follows.

Exercises:
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1-Write a computer program to evaluate Stirling numbers by
means of the recurrence relation:

s(n+1k)=s(n,k—1)—ns(n,k). (a)
2- Polynomials in xcan be expressed in terms of
(x),,(x),,(x),,...provided x,x*,x’,... have been expressed in this

form. Hence, let x" =Zn:t(n,k)(x)k.

k=0
i- Derive a recurrence relation for t(n,k) analogous to formula
(a) in exercise (1).
ii- Construct a table of values of t(n,k).

I1I- Use the table constructed in (ii) to express the polynomial
x* —4x® +6x° —3x in terms of factorials.

“Ans. x(x—l)2 +X(x—1)(x— 2)2

29
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