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In Exercises 1-12,

(a) Determine all equilibria and classify (node, saddle, spiral, center, stable or
unstable).

(b) If an eigenvalue is real. find the eigenvectors.

(c) Graph the phase plane using the phase plane of linearized system.

(d) Graph the phase plane using the direction field from software.

(e) Graph the phase plane using the method of nullclines and part (c).

3. Z—:=2x—2xy,%=y—xy
o i%— —xz»%=)+

S Z—:— ),?=—2x+2xy.
6 Z—:=y3+l,d—=x2+)

8 Z_:=x( -y ,d—‘=x+)



0. ﬁ:x—)’—kxz,ﬂ:x—i—y.

dt dt
10. Z—:=2x—y—xy,%=x+2y.
I1. Z—::—x—Q}’,%=2x—)*+xy2.
2. %=2x+y,%=—x—2y+y3.

Exercises 13-17 refer to % =x —xy +yx?, % = —y+xy. In each case find all

equilibria and classify (node, saddle, spiral, center, stable or unstable).

|
5. y=-.
15. y 3
16. y=1.
17. y=8.



F=c(l+y)=z+azy=f
zlt’ =y(2—4z)=2y—4zy=g
(a) Equilibria: f=0and g=0=
z(14+y)=0=Eitherx =0o0r y = -1
y(2—4z) =0=If x =0, then y=0. If y = —1, then z =
Thus equilibria are (0,0) and (3,—1).
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(b) A= dg Jdg

dxr Oy

For equilibrium (0,0), A = [

. The eigenvalue, A, satisfies

det (A — )\I)_O:*»det[ 6 ‘:0

=2(1-2)2-A)=0=>1=1,2 (bothp051tlve)
So the equlhbrlum (0,0) is an unstable node.

. u . 1-A 0 u 0
Eigenvector, [ " ] . satisfies [ 0 9_ )\ ] [ " ‘ = [ 0 ] .
. 0 0 u 0
Eigenvector for A =1 : [0 1][1’]—[0:|$l—0.
u is free to choose, say, u =1 = = [ (1)
: -1 0 u 0
Eigenvector for A = 2 : [ 0 0][1,]_[0]:>u_0.

u 0
v is free to choose, say, v =1 = [ . ] = [ 1 ] .



0
4

satisfies det (A — AI) =0 = det [

For equilibrium (% -1), A= l . The eigenvalue, A,

1

2 ]:0:‘>/\2—2:O

3> O

4 —
= \ = +/2 (one positive, one negative). So the equilibrium (% —1)
is a saddle point.

U —% 2 u 0

: ) 5 B
Eigenvector, [ . :| . satisfies [ 1 ) ] [ , ] = [ 0 ] .

. o _ -2 —;— w{ |0
Eigenvector for A = /2 : [ 1 ) » =10
= —2u + %v =0. Let u = 1. Then v = 2V/2.
g w | 1

(0} - - 2\/5 .

1 ‘

Eigenvector for A = —/2: [{f 2 ][ulzlglé

V2u + %v — 0. Let w = 1. Then v = —2/2.

[

T




(¢) Nullclines: % = Z — y2-42)
¢ G zl+y)

dy __
SOE-—Oi y(2—4;17):0:>y:0§1,:l
2

dy _
and 2 =oc0o=>z(l+y)=0=22z=0,y=-1




3. d%% =2r—2zy=2z(1-y)=f
w=y—ry=y(l-z)=g

(a) Equilibria: f=0and g=0=
2r(1—y)=0=Eithert =0ory=1
y(1—2)=0=Ifx=0,theny=0.If y =1, then z = 1.
Thus equilibria are (0,0) and (1,1).

o & 2-2% -2

Ay oz a =

wafE Ep )

For equilibrium (0,0), A = [ (2) (1) l . The eigenvalue, A\, satisfies
2- A 0
det(A—/\I):0:>det{ 0 1_/\120

= (1-A)(2-)A)=0= A=1, 2 (both positive).
So the equilibrium (0, 0) is an unstable node.

: u : 2—-X 0 u
Eigenvector, [ " ] , satisfies [ 0 11—\ ] [ i ] = [

X 1 0 u 0
Eigenvector for A =1 : [0 0:||:l']—|:0:|:>ll.—

v is free to choose, say, v =1 = il = [ (1)

; 0 0 u 0
Eigenvector for A = 2 : lo _1][‘1‘]—[0]:>v—0.
u is free to choose, say, u =1 = [ 21 ] = [ (1) ] .

. , 0 -2 : .
For equilibrium (1,1), A = 1 0 ] . The eigenvalue, A\, satisfies
A =2 9

det (A — M) =0 = det 1 =0=X-2=0

= \ = =1/2 (one positive, one negative).
So the equilibrium (1.1) is a saddle point.



-2 =2
-1 =\
Eigenvector for A = /2 : [ —V2 .

=1 \/§]
= —v2u—2v=0. Let u= 2. Then v =

So [ il ] = [ \'_/? ] is unstable direction.

Eigenvector, [ Z ] . satisfies [

Eigenvector for A = —/2 : [\_/? \—/2” ] lg}j
\/511—21—0Letu—\/_Thenz—1so! ] [\{5]

is stable direction.



(c)

(e) Nullclines: —y _ 4 _ y(-g)
dz — g T 22(1-y)’

SOH=0:> gll—z)j=l1=g=0,a=1
andg—z:xéQ;lf(l—y):Oéa':O,y:I.
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(a) Equilibria: . f=0and g=0=
1-92=0= y==+1
1-22=0=z=41.

Thus equilibria are (1,1), (-1,—-1).,(1,-1) and (—1,1).
af of

wa=|%G % (=] 5 o

5 % —2z 0
— 0 -2
For equilibrium (1,1), A= | 5 0

_9 _/\]_O=>)\ —4=0= )" =4

] . The eigenvalue, A, satisfies

det (A — AI) = 0 = det [

= A\ = —2, 2 (one positive, one negative).
Qo the eanilibrinnm (1 1) ig a saddle noint
ALY REERR/ DR EREELATEESELEE NTUU Ey WMEUERLGLELERARYS praeIEROe
. u ' A =2 u 0
Eigenvector, [ ; ] . satisfies [ _9 _) ] [ , ‘ = [ 0 ] :
; —F -2 u 0
Eigenvector for A =2 : [ 9 _2] [ v]—[O] =5
—2u—2v=0. Let u=1. Then v =-1= [ il' ] = [ _11 ]
is unstable direction. o
L 2 —21[ u] [ 0
Eigenvector for A = —2: [ 9 9 ] |0 =
EX ER
2u —2v=0. Let u=1. Thenv=1= 1= &

is stable direction.

For equilibrium (—-1,-1), A = [ g g . The eigenvalue, \, satisfies

det(A—/\I):0:>det[ 2 ] —0= N —4=0= =4
= A = —2, 2 (one positive, one negative).

So the equilibrium (-1, —1) is a saddle point.



. u A 2 u 0
Eigenvector, [ " ] satisfies [ 9 ] [ ] = [ 0 ] .
Eigenvector for A = 2 : [ = ] [ ] = [ 8 ]
= —2u+2v=0. Let u=1. Thenv:1:>[ }:[}]
is unstable direction.

: g 2 u 0
Eigenvector for A = —2: [ 5 9 ] [ ; ] = [ 0 ] =%

2u+2v=0. Let u=1. Thenv=—-1= [ i‘ ] = [ _11 ]

is stable direction.

For equilibrium (1,-1), A = ! 0 2

-2 0
-A 2
-2 -

] . The eigenvalue, \, satisfies

det(A—/\I)_O:*»det[

= A\ = +2i (complex).
So the equilibrium (1, —1) is a center (nonlinear may be different).

For equilibrium (~1,1), A = ! i -2

9  _\ ] =0=>X+4=0

]:O¢A2+4:0

] . The eigenvalue, \, satisfies

det (A — AI) =0= det

= A\ = £2i (complex).
So the equilibrium (—1,1) is a center (nonlinear may be different).
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13. ‘fi—f—.l—1y+'w12—;1'—;1'y—8;r.2:f
H=—y+tay=yg

(a)Ethbrla g= = y(l—l)—Ozy—Oorl—l
f=0=>z—zy—822=0.Ify=0, then z — 822 =0
=2(1-82)=0=2=0, &.
Ifxr=1,thenl—y—-8=0=y=-"1.
Thus equilibria is (0.0), (.,0) and (1,-7).

af of | - -
byA=| 2 o || Ll-y—-16z =z |
e az Y —14z

For equilibrium (0,0), A = [ (1) _01 ] . The eigenvalue, A, satisfies
1-A 0
det(A—/\I):O:det[ 0 _1_/\]:0

= —(1-A)(14+A)=0= A=1, —1 (one positive, one negative).
So the equilibrium (0,0) is a saddle point.

-1 -1
For equilibrium (% 0), A= [ 01 8 ] . The eigenvalue, A,
8
. —1-A -1
satisfies det (A — AI) =0 = det 0 K & \ | = 0
8
= (—1-1) (—% —A)=0=\=-1, —% (both negative).

So the equilibrium (l. 0) is a stable node.

8
For equilibrium (1,-7), A = [ :? _01 ] . The eigenvalue, A,

satisfies det (A — AI) =0 = det [ _8_; . :/1\ ] =0
= A+ 8\ —T=0= \ = S5
= A = —4 £ /23 (one positive, one negative).
So the equilibrium (1, —7) is a saddle point.
17. & — g —zy+ a2 = T — zy+8z% = f
@A="ytry=g



(a) Equilibria: g=0= —y(1—-2)=0=y=00rz=1.
f=0=z—2y+822=0.Ify=0, then x4+ 822 =0
=>z(1+8z)=0=>z=0, —3.
Ifxr=1thenl—-y+8=0=y=0.

Thus equilibria is (0,0), (—%. 0) and (1,9).

(b) A= % % :[1_y+16~1‘ - ]
% % Y —1+=x
For equilibrium (0,0), A = (1) _01 . The eigenvalue, A, satisfies
det(A—/\I):0:>det[ IBA _10_A ] 2

= —(1-A)(1+A)=0= A=1, —1 (one positive, one negative).
So the equilibrium (0, 0) is a saddle point.

= 1
For equilibrium (—%. 0),A= 01 8y ] . The eigenvalue, A,
8
: —-1-A 2
satisfies det (A — Al) =0 = det 0 9% \ =)
9_

= (-1-2X) (—% —A)=0=\=-1, —% (both negative).

So the equilibrium (—%. 0) is a stable node.

For equilibrium (1,9), A = [ g
88—\ -1

9 =,
= N= %@ = )\ =4+ /7 (both positive).

So the equilibrium (1.9) is an unstable node.

—01 ] . The eigenvalue, A, satisfies

det(A—/\I):O:det[ ]=0¢/\2—8/\+9:0



