(2 -6z-1) ,
the region 3 c-DE-3)z+2) "
eregons<liz+21<5.  (JNTU 2001, 2005 May, 2006 Nov., 2008 Nov.)

19. Fi . ' —
9. Find the Laurent series expansion of the function

(2 =62z-1) A B C
= + +
=-DE=-3):z+2) =D (-3) (z+2)

Solution:

2 —6z-1 _
z=1(z—-3)(z+2)

B
:=3(z-D(z+2)

1 1 . 1
=D @=3 @+
1 B 1 s 1
(z+2-3) (z+2-5) (z+2)
1 1 1

= 3 ) +2)  z+2
Z Z
R 5(1——)
(z )[ z+2) 5
1 3 Y 1[ z+2)“ 1
= sl EEE] 4
z+2 z+2 5 5 z+2

2 3
S S + -
(z+ 2)[ (z+2) (z+2)?* (z+2) J

il 2 : 3 .
1 1+Z+2+(”+2) +(z+2) L +_L_
5 5 57 z+2

o (z+42)"

o 3"
Z—_—_—_ ' Z 5n+l z+ 2

l
n=0 (z +2)n* n=0

=i y L@+t 1
e+ 5] aHe

n=0

i
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24. Find the Laurent series for f(z) = 2 —l);zz Y

: (i) 1<lzl< 2, (i) | z | > 2.

”.
&

Az Bz

| lution: =
= @ -1 +4)
© On solving, we get
A=
flz) =

5

(z2 -1) N (22 +4)

1
B=-3

Z _ 4
5(2 -1 5(zF+4)

L
57

2 -1
5 Z | Z Z Z 2 4
_2(1= _ |+ — =—=(1+ + 4 oee
(1) (1-z°) 20( 4J 5( 2 +z )

1 | zI
(ii) 1<lz1<2, —<1,—<I
Izl 2
Z Z Z Z

1 o0 z?.n—l

>
n=l 4

5L
5 2n-1 20 . 4n—l

if (i)1z1<1,

z'.’n—l (_l)n—l

47!—1 ]



, 30. Expand =
30 xpand f(z) 222 —2—2)

2 1
lzl>2.2<lzl, — <1, —m <1
1 z| 1zI
ﬂZ)‘: < - ﬂ:
5z -1 5(z"+4)

5 - 22"‘1 5 e 2n-1
1< (=D .
“5Z e
z+3

in powers of z

(i) with in the unit circle about the origin
(i) within the annular region between the concentric circle about the
origin having radii 1 and 2, respectively
(iii) the exterior to the circle with centre as origin and radius 2.
Solution:
; z+3 A B C
() = =—+ +
z(z-—z—2) 2 (z—=2) (z+D
A= lim 2(Z+3) e
z=0(z2—z—2) 2
Bt 2
z—2z(z+1) 6
z—>-12z(z—=2) 3
z+3 3 5 2
5 =——+ +
z2(z° —z2—2) 2z 6(z—2) 3(z+D
3 5 2
T T2z 3@+l
z _11(1 _;_ ) z+1)



2
21 — 2 :
+3(1 z+4_z3+...)

= | 5 n_n n
=—i+2 Dz _5(z
2z 3 12\ 2

) 1<lzl <2, Ii|<1, L<1
2 [z]
3 §5(. 2\ 27 1Y
)= ————|1l-—=| +—|1+—-
fi2) 27 12( 2) 3z( z)
3 5[, 2.2 2(, 1.1 1
= e 1+—+—,7+"‘ +— 1——+—,)'——3'+"'
2z 12 2 9 574 Z Z z :
=3 35| 2D _i(i)
2z =l 3z ¢ 1202
2

3 =[5 /9 n 2(_1)11 z n
= "3Z+Z[€?(E) T (j }



5. THE RESIDUE THEOREM

Let z5 be an isolated singular point of f(z). We are going to find the value of
ﬁc z) dz around a simple closed curve C surroundmg zp but inclosing no other
smgulannes Let f(z) be expanded in the Laurent series (4.1) about z = z,, that con-
verges near 2 = g,. By Cauchy’s theorem (V), the integral of the “a” series is zero
since this part is analytic. To evaluate the integrals of the terms in the “b™ series in
(4.1), we replace the integrals around C by integrals around a circle C’ with center at
zo and radius p as in (3.6), (3.7), and Figure 3.1. Along C, z = 2, + pe”; calculating
the integral of the &, term in (4.1), we find

Ix i
(5.1) T( 1 ‘J P i,
- 0

pe

[t 1s straightforward to show (Pruhlcm 1) that the integrals of all the other 4, terms ar¢
zero. Then 35{- Jf{z) dz = 2mb,, or since b, is called the residue of f(z) at z = 24, W¢
can say

#} f(z) d= = 2mi - residue of f(z) at the singular point inside C.
-

G

FIGURE 5.1

é [(2) dz = i - sum of the residues of f(2) inside C,

the integral around C is in the counterclockwise direction,




6. METHODS OF FINDING RESIDUES

A. Laurent Series If it is easy to write down the Laurent series for f(z) aboyy
z =z, that is valid near z,, then the residue is just the coefficient &, of the tery,
1/(z = 2¢). Caution: Be sure you have the expansion about z = z,; the series you have
memorized for ¢, sin z, etc., are expansions about z = 0 and so can be used only fy,
finding residues at the origin (see Section 4, Example 3). Here is another example.
Given f(z) = ¢*/(z — 1), ind the residue, R(1), of f(z) at = = 1. We want to expand
in powers of z — 1; we write

z - | o 2
S A fl[1+{z—:}+{z ]}+--}

z—1 z— 1 z— 2!

= +e+ .

Then the residue 15 the coefficient of 1/(z — 1), that is,
R(ly=e.

B. Simple Pole If f(z) has a simple pole at z = z,, we find the residue by multi-
plving f(z) by (z — z,) and evaluating the result at 2 = z; (Problem 10).
Example 1. Find R(—%) and R(5) for

Z
2z + 1)5—2)

f(z) =

Fod i

Multiply f(z) by (z + 1) [Caution : not by (2z + 1)] and evaluate the result at z = —
We find

o
A

4
e+ 15 —2) 25 —2)

z+Dflz)=(z+%

1

—3
R(—%) :m= —3.

Similarly,
z z

{Z—S]f{z]=(z_5](zz+1](5_3]= 2z + 1’

R(5) = -1

Example 2. Find R(0) for f{z) = (cos z)/z.
Since zf(z) = cos z, we have

R(0) = (cos z), .o =cos 0 = L.




R(zp) = lim (2 — z4) f(2) when z, is a simple pole.
Fiad-11

Example 3. Find the residue of cot z at 2 = (1.
By (6.1),

R(ﬂ]=}imz ® — cos 0 - lim =1-1=1

smp SIDZ s—g SIN Z

If, as often happens, f(z) tan be written as g(z)/h(z), where g{z_i is analytic and not
zero at zg and A(zg) = 0, then (6.1) becomes
(2 — zp)elz) . &= 23 . 1 £(zo)
R = lim ————— = g(zq) hm ——— = g(z,) hm — -
B T T B T
by L'Hopital’s rule or the definition of :‘i'{z} {Problem 11).
Thus we have

g
T

|f (z) = g(z)/h(z), and
if { g(z,) = finite const. # 0, and
hzo) = 0, H(zg) 0.

g(zo)
#'(z0)

R(zo) =

Often (6.2) gives the most convenient way of finding the residue at a simple pole.

Example 4. Find the residue of (sin z)/(1 — z*)atz = 1.
By (6.2) we have
Cosing el —e

=4 ()

sIn 2
—4z°

R(i) = He —e ')y =3 sinh L.

of the denominator.] Suppose j(z) is written in the form g(z)/h(z), where g(z) and A(z)
are analytic. Then you can think of g(z) and A(z) as power series in (z — z,). If the
denominator has the factor (z — z,) to one higher power than the numerator, then f(z)
has a simple pole at z,. For example,

, zcuszz_z{l—zz,e‘2+---}z 21 + )

sin?z (-’4—23;’3! +-09)? _32(1 4+ )

has a simple pole at = = (. By the same method we can see whether a funcrion has ,
pole of any order.

C. Multiple Poles When f(z) has a pole of order n, we can use the ﬂ:nnllm-.-ing
method of finding residues.

Multiply f{z) by (2 — 2,)™, where m is an integer greater than or equal to the order
n of the pole, differentiate the result m — 1 times, divide by (m — 1)!, and evaluate
the resulting expression at z = 2;.




Example 5. Find the residue of /(z) = (z sin 2)/{(z — n)* at 2 = 7.

We take m = J to climinate the denominator before differentiating; this is an allowed
choice for m because the order of the pole of f(z) at @ is not greater than 3 since
z sin z 15 finite at 7. (The pole is actually of order 2, but we do not need this fact)
Then following the rule stated, we get

1 4

Rim) =5, 5 (Esinz)  =i{-zsinz+2asal.,= -1

RESIDUES AND THE RESIDUE THEOREM

13.23, If f(z) ia analytic everywhere inside and on a simple closed curve C except at z=a
which is a pole of order n so that

fla) = {zﬂ—;}" + {;‘_';5,‘_1 b 4 @+ mlz—a) + aafz—a) + -

where a-.+0, prove that

(@) § fle)dz = 2riay

®) aes = lim ey o (02,

iz) By integration, we have on using Problem 1313

S s T SN s B S (e~ )+ Gyl — g e
£ﬂs!d: = i [z_wda+ + .ﬁ:—ad" [ £{u,,+ ayz—a) +ayz—a® 4 o0} dz
= Eﬂ'ﬂ.1

Since only the term involving a_; remains, we call a_; the residue of f{z) at the pole z = a.
(b} Multiplication by (z— e gives the Taylor series
z—arfiz) = o, + aylz—a) + v Fajlz—anml 4 oo
Taking the {# = L)at derlvative of both sides and letting == a, we find

- gn—1
- ytay = tm o

{lz — a)= fiz)}

from which the required result follows,



