13.24. Determine the residues of each function at the indicated poles.
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(a) &—_2{(@_‘_—1); z = 2,4,—4. These are simple poles. Then:
Residueat z =2 is  lim (z—2) 2 L _ 4
22 z—22+1)[ ~— B
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Residue at z =1 is Ti — Cali . = ? - 1-—2
lim {z—1) {(z —2)z— )=z + 1)} (i — 2)(2i) 0 -
. 2 29 .
Residue at z = —i is  Iim (z+1 z = L = 1+2
o, (=4 {(z — 2}z — )(z+1) (—i—2)(—29) 10
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(b) proga ek z=0,—2, z=0 is a simple pole, z 2 is a pole of order 3. Then
Residueat z=0 is  limz+———s= = L,
z=0  z(z+ 2)% 8

: —_— - 1 1 .id_e_ 3 1
Residue at z = —2 is zl.l,rngfdzz {(2+2) z(z+2)3}
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Note that these residues can also be obtained from the coefficients of 1/z and 1/(z +2) in
the respective Laurent series [see Problem 13.22(e)].
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() (z 32 ; z =238, a pole of order 2 or double pole. Then:
SO 2D PO 1ot = T Doty = Tim (a2t "
Residue is 11_1.1; e (z—3) —(z — 3]2} = lﬂ T (ze=t) P—-"é (ezt + ztext)
= 3 + 3tedt
(d) cotz; z = br, a pole of order 1. Then:
Residue is  lim (z—br) + 252 = (lim iﬂﬂ)( lim cos z) = (hm )(— )
Z=+57 gin z z=+5r SINZ z—+ 5T 25T COS 2
where we have used L'Hospital’s rule, which can be shown applicable for functions of a complex

variable,

13.26. Evaluate § __e_*jz_ja where C is given by (a) |z| = 8/2, (b) [z| = 10.

c (z - 1)(z +3
. ez e
Residue at simple pole z =1 is 31{:} {(z-—l)m} = 18
Residue at double pole z = —3 is
- . (z—1)ez —ex _ —be—3
Jma {(z"' P e—DeT 3)2} . My PR VE 16

(a) Since |z| = 8/2 encloses only the pole 2z =1,
the required integral = 2ni 1_6

(b) Since ]z| = 10 encloses both poles 2z =1 and z = —3,

. . _ [ e _be 3\ _ wife—5e”3)
the required integral = 2z ( 16 16 ) = 8
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7.5. Find the residue of F(z) =

at z =10.
z -
Solution

We have, as in Method 2 of Problem 7.4(b)
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Fiz) = coszcoshz ( 21"'41 )( +m+ +
7 Psingsinhz ( R

- 4.4
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and so the residue (coefficient of 1/z) is —7/45

Another Method. The result can also be obtained by finding

1 a e coszcoshz
=0 41 7 7z sinzsinhz

but this method is much more laborious than that given above
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7.6. Eva]uate —————— dz around the circle C with equation |z| = 3
f';--( 122+ © uation 2

Solution

The integrand e:’/'{:_z(z_z +2z4+ 2)] has a double pole at
242

0 and two simple poles at z = —1 + i [roots of

+ 2z + 2 = 0]. All these poles are inside C.
Residue at z = 0 is

lim 1 d I (¢3+2<'_+2)(!9*’]—(9*’)(2:_+2)_I—]

=01ldz|” '-(4-+ +2) (22+2z+2)° )
Residue at z=—1+1i1s
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Then, by the residue theorem

el f—1 -l G(=1-in
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that is,
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13.27. If |f(z)|§% for z=Re", where k>1 and

M are constants, prove that llzim f(z)dz =0
-4 00 Il
where T is the semi-circular arc of radius R

shown in Fig, 13-17.

By the result (4), page 287, we have

' J; f(z) dz

gince the length of arc L = 7R, Then

M M
= J;{f(z)lfdzl s R = g

Fig.13-17

j%i.lnuD Jl:f(z)dz =0 and 8o Jiﬁ J; f@dz = 0
]
dx
13.29, Evaluatef -,
0 141

. d . : :
Congider § ;—:-1-, whete C is the closed contour of Problem 13.27 consisting of the line from
¢

=R to B and the semi-circle I, traversed in the positive (counterclockwise) sense.

Since #A+1=0 when 7= en/4, edri/d obid gTri/4 thege are simple poles of 1/(z4+1). Only
the poles *V/4 and e*/4 lie within C. Then using L'Hospital’s rule,



1
3 = H - 1[‘ —
Residue at e7i/4 lim ) {(z emi/g) AT 1}

ze
= _}"T;,‘Ilz_s = %,—s:m

Regidue at e37/4 = “111;1“,4 {(z-—e"“‘) z*il}
= s =

Thus iﬂdjl = Qri{je-iniit + Je~9mi) = 1\2/_5 (1)

Le. fx‘+1+fz‘ - 2 )

Taking the limit of both sides of (2) as R - « and using the results of Problem 13.28, we have

1f . 1
i :c“+l x4+1' 2

. * de dx .y V2
Since =1 = 2'[ — 1+ the required integral has the value ——.
_ 1 0 ¥ +1 4
¥ w2 dx Tr
13.30. Show that =,
J o (24 1)Ha%+22+2) 50
2
The poles of 7T 1)2(:2 1577 enclosed by the contour C of Problem 13.27 are z=1¢ of
order 2 and z=-1+1 of order 1,
d — N2 22 _ 9£ - 12
Residue at z =1 is ll-lg » {(z ) TE P T 2)} =
. . , 2 _83—4i
d =~ £
Residue at z=~1+1 is ,..h."ll»,g(ﬁl ﬂ(2+12(z+1 Ty g Sl
2t dz o0 912 8-dil _ Tr
Then g (22+1)2(22+2Z+2) = 25’1{—"“’—100 + T} = 5—0"
or fk atdy + 2dy _
_p @+ DX+ 224 2) ; @2 +1)2:2+2:+2) — 50

Taking the limit as R - « and noting that the second integral approaches zero by Problem
18,27, we obtain the required result,



13.31. Evaluate f m

el — o—if 7z - Z_l

Let z=¢® Then sing = - = ~—, dz=ie%de = izde so that
21 21
J' w de _ § dzfiz § _ . 2dz
5+ 8s8ing 32 + 10iz — 8

0 c z2—2z"1
5+3( 57 )

where C is the circle of unit radius with center at the origin, ag shown in Fig, 13-18 below,
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The poles of 5 T 10z —3 are the simple poles

—10¢i = v—100+ 36
6
=10 = 8i
6

Il

Only —i/8 lies inside C.

. e 13 i 2 li -1 , Y
rule Residue at —y3 = z -l.n—nus (z + 5) (3z2 + 10z — 3) z -.nllus 6z + 10: ~ 44 by L'Hospital’s

Then ______2__@:;_3 = 21:-1:(%) = L the required value.

C3zz+10iz-— 2
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cos 3¢ fr
13.32. Show tha f _ 08304 - T
382 Show that - ) * &4 osd 12
-1 10 —3i0 -3
Ifz=ei9,cosa=z+2z cos3s = & ';e =’3+2z , dz = iz ds.
2™ cos 38 _ § (#B+2-3)/2 dz
Then , b—dcose 6 = o (z-l—z“l)iz
b—-4 2

- -1 § i b S
- 21 p 23(22—1)(2 —2)
where C is the contour of Problem 13.31.
The integrand has a pole of order 3 at z =0 and a simple pole z=1 within C,
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Residue at z =0 is llm L 21 322 {z 232z — 1)(z — 2]} 8"

, L 2841 _ _65
Residue at z=1 is zl—l.r? { -3 ———-—zs(zz_l)(z_z)} = =25
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Then 2i Y @ -1 2)dz = -3 (2ri){ 3 24} 1o 88 required.
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de = —ze™ m>0,

13.34. Show that j; xT+_1 D)

Consider § T 1 dz where C ig the contour of Problem 13.27.

The integrand has simple poles at z = *i, but only z =1 lies within C.

\ . . R gimz e~ m
Residue at z=1 is lm} =) ——p = —.
e

(z =)z +19) 2i
Th b o= 2w ") = pem
en £12+1 z = Tt -2T = e
ey +f & = gem
or J i [ e =
-R r
, R cosmx (" sinma J" e‘"" - mm
L J. 21t 1f e 2ri% =
~R -R
cos ma gimz — pm
and so 2J; 2+1x+f2+1 we

Taking the limit as R = « and using Problem 13.33 to show that the integral around I
approaches zero, we obtain the required result.

13.35. Show that f LLEZF %

The method of Problem 13.34 leads us to
consider the integral of ¢®#/z around the contour
of Problem 13.27. However, since z=0 lies
on this path of integration and since we cannot
integrate through a singularity, we modify that
contour by indenting the path at z=0, as
shown in Fig. 13-19, which we call contour ¢’

or ABDEFGHIA. : 1.
Since z=10 is outside C’, we have - . %
eiz
F =0 Fig. 13-19
cr
T ei"" ele R eix giz
or f ——dz + f—-dz + f ~dx + f —dz = 0
-r ¥ J Z , ¥ 4

HJA BDEFG
Replacing # by —z in the first integral and combining with the third integral, we find,

R ot — g—iz iz
f T + fi-dz + f fifdz =
z z z
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or Zf sma; f——dz — f ﬁd:
z

HJA BDEFG
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13.37. Show that j; 1+xd$ = m—;, 0<p<1.

-1
Consider § Z—dz. Since z= 0 is a branch point,
cl +z

choose C as the contour of Fig, 13-22 where AR and GH
are actually coincident with the x axis but are shown
separated for visual purposes,

The integrand has the pole # = -1 lying within C.
Residue at 2z = —1 = em is

. a1
zlll-‘-l-l (z+1)-1—-+—z = (eﬂ)l’—l = elp—wi

-1
dz

f 142
or, cmitting the integrand,

f.|. f.}. f.]. f = 2rielp—1)mi
GH

Then = 2rielp—mi

AB BDEFG HIA Fig.13-22
We thus have
R g1 2% (Re'%)p—1iRei® dg T (welrijp—1 0 (reit)p—1ireid do
—_— 2 = ie(p—Dmi
17e% fo 1+ Rew f Traem® * ) 1T Brietrmm

where we have to use z = we?™ for the integral along GH, since the argument of z is increased by
27 in going around the circle BDEFG,

Taking the limit as r>0 and R—« and noting that the second and fourth integrals
approach zero, we find
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so that
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